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Abstract 

This  progress  report  is  divided  into  four  main  parts.  In  Part  A  we 
begin  with  some  introductory  remarks  on  1/f  noise  and  the  impact  of  the  con¬ 
tributions  performed  during  the  present  grant  period.  Next  we  give  a  survey 
of  1/f  noise  theory  as  it  stands  today,  together  with  the  experimental  evidence 
for  the  various  models. 

In  Part  B  the  experimental  work  performed  under  the  grant  is  described. 
This  entails  the  work  on  gold  films,  transistor  noise  source  identification, 

•  -i  •  •  .  +  +  .  +  +  . 

u-particle  counting  experiments,  and  noise  in  n  nn  and  n  pn  near-ballistic 
diodes.  The  noise  in  these  structures  is  very  low,  indicating  definitely  that 
mobility  fluctuations  are  at  the  origin  of  1/f  noise. 

In  Part  C  we  describe  various  theoretical  contributions  of  work  per- 
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A.  INTRODUCTION 

I.  Summary 

Research  on  1/f  noise  covers  a  period  of  55  years.  In  that  time 
many  theories  and  models  have  been  put  forward  to  explain  this  enigmatic 
phenomenon.  We  believe  that  the  following  types  of  noise  theory  have  sur¬ 
vived  : 

1.  The  universal  theories 

2.  Transport  theories 

3.  Specific  noise  model  theories 

4.  The  van  der  Ziel-Bernamont-du  Pre-McWhorter  theories;  distribu¬ 
tion  of  time  constants. 

5.  The  mobility-fluctuation  bulk  model:  phonon  effects. 

6.  The  mobility-fluctuation  bulk  model:  quantum  1/f  noise  (Handel) 
Under  the  Air  Force  grant  we  have  performed  both  experimental  and  theoretical 
work  to  try  to  really  get  at  the  origin  of  the  1/f  noise.  Mr.  Kilmer's 
experiments  on  films  are  designed  to  confirm  or  reject  theories  of  type  2. 

Most  indications  to  date  are,  however,  pointing  in  the  direction  of  models  5 
and  6.  In  this  report  we  discuss  Kilmer's  experiments  in  transistors,  which 
definitively  show  that  the  noise,  both  of  collector  and  base  sources,  is  due 
to  mobility  fluctuations.  The  older  findings,  which  supported  surface 
effects  (theory  4)  seem  no  longer  applicable  in  modern  devices.  Mr.  Schmidt's 
measurements  on  near-ballistic  gallium  arsenide  mesa  diodes  also  strongly 
point  to  the  validity  of  the  mobility-fluctuation  model  5  or  6.  Further  evi¬ 
dence  for  this  is  being  gathered  by  Mr.  Andrian,  who  will  consider  the  noise 
as  a  function  of  ratio  d / i,  where  d  is  the  thickness  of  the  structure  and  l 
the  phonon  mean  free  path.  Finally,  Mr.  Jeng  Gong's  experiments  indicate 
that  Handel's  theory  (model  6)  might  explain  1/f  fluctuations  in  radioactive 


decay.  We  believe,  therefore,  that  great  progress  has  been  made  during 
this  grant  period  to  identify  the  cause  of  1/f  noise  in  devices  and  in 
entirely  different  phenomena,  like  a-particle  emission. 


The  various  experiments  are  described  in  part  B.  Finally,  the 
extensive  theoretical  analyses  which  have  been  made  in  conjunction  with  the 
experiments  are  described  in  part  C. 

First,  in  this  part.  Section  II,  we  present  a  survey  paper  on  1/f 
noise,  which  elaborates  the  introductory  remarks  made  here;  this  survey  paper 
(invited)  was  presented  at  the  October  1981  Rome  conference  on  noise. 


II.  Survey  of  1/f  No  iso  (C.M.  van  Vliet) 

a .  Introduction,  History,  and  I'.xtnnt  Theories 

Whereas  many  noise  phenomena,  like  shot  noise,  thermal  noise 
and  generation-recombination  noise  are  well  understood,  1/f  noise  remains 
an  enigma.  This  noise  has  been  observed  in  all  semiconductors,  metal 
films  and  semiconductor  devices.  Esut  it  is  more  universal  than  that: 

1/f  noise  occurs  in  a  host  of  phenomena:  traffic  flow,  variations  in  the 
rotation  around  the  earth's  axis,  in  music,  in  hourglass  flow,  and  in 
many  biomedical  pheromena  such  as  eyeball  movement.  Therefore,  some  in¬ 
vestigators  believe  that  there  must  be  some  universal  phenomenon  operative 
in  all  these  manifestations,  like  scale  invariance.  Others  believe  that 
we  should  confine  ourselves  to  a  class  of  phenomena,  like  electrical  1/f 
noise.  Still  others  believe  that  there  are  many  types  cf  electrical  1/f 
noise;  it  can  further  be  said  that  each  theory  has  its  device,  but  not  every 
device  has  yet  its  proper  theory! 

Research  on  1/f  noise  covers  a  period  of  55  years.  It  started 

with  the  discovery  of  the  effect  by  J.B. Johnson  in  1925  [1]  in  barium 

oxide  cathode  vacuum  tubes.  The  first  theory  was  given  by  Schottkv  [2], 

attributing  the  noise  to  creation  and  destruction  of  emission  centers  on 

the  cathode  due  to  ion  migration;  unfortunately,  Schottky's  theory,  like 

2 

so  many  others,  resulted  in  Lorentzian  noise,  S(co)  =  Ka/  (a  .  Since 

Schottky's  theory,  perhaps  another  fifty  theories  have  seen  the  daylight, 
some  specific,  some  very  general,  some  sober,  and  some  fantastic.  Many 
theories  contained  unverifiable  parameters , .and  others  which  did,  like  the 
temperature- fluctuation  model,  have  shown  by  and  large  not  to  work.  We 
believe  that  the  following  six  types  of  theories  have  survived. 
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1.  The  "ur. i versa ! 1 


r.neor 


,'s.  Since  no  characteristic  turnover 


frequencies  have  generally  been  found,  the  proble:::  is  attributed  to  scale 
invariance  (V.achlup  [3]).  A  variation  along  these  lines  was  proposed 
bv  Handel  et  al  [3a],  who  attribute  the  noise  to  a  ncn-linear  manifesta¬ 
tion.  The  argument  is  briefly  as  follows:  Let 

JLlyCO  j*fvy)  =  h(t)  Ci.D 

be  a  Langevin  equation,  where  £is  a  linear  operator,  while  f (y)  is  non¬ 
linear  in  y.  Expanding  in  a  Taylor  series  f(y)  =  La  y  ’  anc^  making  a 
Fourier  analysis  cn  a  sample  y.j.(t)  of  duration  T,  one  obtains 


(1.2) 


L[>'-j-(-)  ]*a^>’j(-)  >'y  (-]  )  >'t  )bTT  •  •  •  “  ^j(~) 

—  oo 

the  second  (quadratic)  term,  stems  from,  the  nonlinearity.  This  term 
indicates  that  y\  .j  is  dimensionless,  so  >.j,  has  the  dimension  of  time. 

Since  S  <>C  T’^q.y*^,  we  see  that  S^_  has  the  dimension  of  time.  The  question 
is  which  physical  phenomenon  can  account  for  this.  If  there  are  no 
charac  .istic  tim.es  (scale  invariance^  then  the  only  dimensional  correct 
quantity  is  f"  .  Hence  S^,(f)  =  C/f.  Obviously,  the  quantity  C  cannot 
be  identified  and  one  learns  little  from  this  type  of  argument. 


2.  Transport  theories.  We  have  seen  in  lecture  II  that  transport 


theories  of  the  type 


£[>'(r,t)]  =  -p-  -  A  [y(r,t)]  =  £ (r , t)  , 
~  rjt  r  — *  ~ 


(1.3) 


where  Ar  is  a  spatial  linear  operator  such  as  -Dy“,  lead  to  spectra  of 
the  form  (II,  eq.  (1.31)): 


y  k  V 


0  1  *V-rv;u  ’.l  J  .  j  u  'Xih)- 


k-space  V 


i  u 


(1.4) 
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So  basic  ily,  we  obtain  an  infinite  at;:::  of  kurort  r  inns .  Equation  (3.4) 

is  an  integral  over  a  distribution  of  relaxation  tires  —  ( k)  =  1/Rehfk). 

Can  we  f.r.d  a  weighting  function  F.  that  dees  the  trick  so  that  the  result 

s  k 

is  1/f  noise?  So  far,  one  lias  net  been  successful,  neither  for  diffusion, 
nor  for  heat  or  temperature-f iuctuat ion  phenomena,  as  we  saw  in  lecture  II. 
The  only  exception  is  the  surface  g-r  noise  r.odel  in  MGSFLTs.  Vet,  attempts 
to  work  wit:.  (5.4)  keep  appearing  in  the  literature.  The  first  theories 
of  this  nature  were  due  to  MacFarlane  [4],  Richardson  [5] ,  and  Burgess  [6]. 
See  also  van  Vliet  and  van  der  Ziel  [7]. 
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noise 

theories 

ba  ed  on  such  specific 

models , 

,  1 1 » at. 
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nly  that 
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devices  and  solids.  For  example  Leon  Less  in  the  fifties  [S]  devised  a 
model  where  atoms  were  diffusing  up  and  down  pipes  of  edge  dislocations. 

At  tnat  Lime  tncre  were  many  measurements ,  e.g.  by  Brophy  [9]  showing 

that  1/f  noise  strongly  increased  in  deformed  solids.  Moreover,  the  noise 

4 

went  as  I  ,  contrary  to  all  modern  observations  (which  find  an  1“  dependence) 
Thus,  even  if  Bess'  theory  might  have  been  reasonable  for  the  1/f  noise  in 
Ge  observed  at  that  time,  it  certainly  has  no  bearing  on  noise  in  Ge  and 
Si  samples  of  today,  since  dis location-type  1/f  noise,  together  with  the 

4 

I  dependence,  has  been  eliminated.  A  similar  fate  may  await  recent  theories 
by  Min  [10]  and  Pclligrini  [11].  In  Min's  theory  there  is  the  assumption 
that  there  are  regions  in  a  sc-ni  conductor,  in  which  interband  scattering 
dominates  intraband  scattering.  Making  in  addition  the  assumption  that 
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-li¬ 


the  rate  has  a  very  special  (anal  served'  dependence  on  energy, 


he  arrive:  at  a  t'airlv  exact  1/:  sp 


T!.e  archie:?,  is  that  he 


must  rest.,  ate  t he  occurrence  of  sue::  specific  impurity  regions,  requiring 


an  lr.acmu.  net: 


hie:: Iv  unreasonable  for  n.edern  cure  silicon 


'.rles.  he  same  obiection  arrives  to  Pelligrini’s  island  theory. 


The  van  der  Ziel  -  Bernarcnt  -  dui’re  -  Vc'.Vhcrter  theories 


distrir 


Eernamcnt  [12]  was  the  first  person  to 


nore  that  the  distribution  Sit)  =  A/t  will  convert  a  sir?  of  I.crcntiians 
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Ly" / 1'~"  ~1  •  logit, /t-p,  l/2rt1  <  f  . 


he  thus  obtain  a  1  f  spectrum  over  a  wide  range.  In  view  of  the  experimental 

situations  (1/f  nc.se  has  been  observed  fro:?.  10  he  [Baker  [  1 0 j  ,  Firle  and 

Kinston  [17],  Roll. ns  and  Templeton  [IS]]  up  to  lC^hc  [van  Vliet  et  al  [19]], 
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t-j/Tj  must  be  at  least  10  .  Two  types  of  theories  have  been  given  to 

explain  such  a  di.  tribution  of  time  constants.  (i)  A  uniform  spread  in 
activation  energies  (van  der  Ziel,  du  Pre) .  Thus  let  t  =  t^exp (qE/kT) . 

Then  if  q(E)  =  1/(E  for  Ej  5  E  i  E,  and  g(E)  =  0  elsewhere,  we 


,  ,  ,r.  dE  kT  1  1 

gW  ■  sft.  ■  -  utq  = 


Now  lcgy.  ’.)  —  [  II  - 1 .  j  q .  K  T  in  ucccru  w  ita  (5  a)  .  he  notice  taut 

the  noise  :::  the  Iff  range  beccf.es  preport icna  1  to  T  in  contrast  tc  recent 

detailed  e:  per: meat a  I  observations  by  Horn,  L’ntta,  and  Lbcrb.ard  [20] 
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have 

the  tunnel 

tirr.es  -=  -  exp(cw)  where  w  is  the  tunnel  distance  and  a  is  a  quantum, 
r.echanical  constant.  One  easily  sees  that  this  also  gives  a  1/t  dis¬ 
tribution.  In  MOSFETs,  McWhorter ' s  model,  with  the  various  modifications 
by  van  der  Ziel  [21],  Christenson  et  al  [22],  Lever.thal  [23],  Eero  [24], 
Hsu  [25],  and  Fu  and  Sah  [2b]  may  still  be  applicable  to  MOSFETs,  in 
which  there  is  a  large  oxide  layer.  The  idea  is  that  carriers  reach,  the 
"slow”  surface  states  in  these  oxide  layers  by  tunnelling,  either  directly 
from  the  conduction  band  or  valence  band,  or  by  elastic  scattering  via 
the  "fact"  recombination  states  at  the  conductor-oxide  interface.  Tunnel 

o 

distances  from  0-50A  can  easily  account  for  the  wide  distribution  of  time 
constants.  This  remains  therefore  a  viable  model.  Also,  it  could  not 
be  that  all  experiments  prior  to  Hooge's  bold  "bulk  hypothesis"  (see  below) 
which  indicated  a  surface  mechanism,  were  wrong.  It  is  possible,  however, 
that  technology  nas  improved  so  much  over  recent  years,  that,  indeed, 
present ly  observed  1/f  noise  is  due  to  a  basic  bulk  mechanism,  whereas 
the  surface  1/f  no;.-c  has  only  survived  in  MOSFETs,  which  devices  are 
notorious  for  high  1/f  noise.  Hooge,  Kleir.penr.ings  and  van^nmme,  in  a 


very  recent  survey  article  [27],  came  to  the  conclusion  that  in  MOSFETs 


the  bulk  :  .d 


-li¬ 
the  surface  typo  theories  can  equally  well  account  for  the 
observed  iso  characteristics.  More  experiments  in  this  area  are  needed. 


.  The  rebi  1  ity  hull-,  model:  phonon  effects.  htooge,  in  1969 


[2S],  uxd, 

rtook  a  survey 

of 

much  experimental  data  on 

semiconductors 

and 

metal  fil: 

s.  Putting  as 

i  Jo 

such  experiments  as  fcrepiv. 

-,s  dislocation 

data,  he  : 

.-und  that  many 

of 

the  observed  measurem.cnts 

could  be  fitted 

by 

the  empir; 

cal  1  aw 

r  n 

where  N  was  the  nur.be r  of  carriers  in  the  entire  sample  (providing  this 
was  homeg-.  .ecus)  and  a  is  a  constant  of  order  2  AO  0 .  IVe  refer  to  it  as 
the  Hooge  parameter.  He  also  laid  to  rest  the  then  prevailing  notion  that 
1/f  noise  .s  often  -  if  not  always  -  caused  by  poor  internal  or  external 
contacts;  the  ten?,  cor  tact  noise  had  been  dubbed  for  years  after  the  ex¬ 
periments  .n  single  carbon  contacts  by  Christenson  and  Pearson  [29]  showed 
large  1/f  nc.se  (of  the  form  (f.7),  however!,  see  their  article).  Van  Damme 
showed  [30]  that  (1.7)  "quantitatively"  applied  (given  perhaps  an  order 
of  magnitude  leeway  for  from  the  above  given  value)  if  the  contact  was 
considered  a  a  distributed  resistance.  One  must  then  apply  (3.7)  to 
small  layers  and  integrate  taking  into  account  the  hemispherical  geometry 
of  a  con  tact.  V.'c  believe  that  these  experiments  and  computations  put  for 
the  first  time  the  bulk  hypothesis  -  vs  the  older  contact  and  surface 
hypotheses  -  on  a  firm  footing.  For  a  hemispherical  contact  van  Damme 
finds  that  (2.7,  tikes  the  form 


(1.8) 


yn  sy 

I:  5npJf 

where  n  is  the  carrier  density,  p  is  the  resistivity  and  R  is  the 
treasured  resistance. 


After  the  bulk  hypothesis  Hooge,  Kleinpenning ,  and  van  Datrr.e 
put  forth  impressive  Evidence  that  the  noise  is  caused  by  mobility  fluc¬ 
tuations.  We  discuss  this  in  section  2. 

The  final  step  in  modern  developments  involved  two  modifications 
of  the  Hooge  parameter.  First,  Hooge  and  van  Damme  showed  that  a  decreases 
if  the  mobility  is  due  to  o titer  components  titan  the  lattice  mobility 
[31], [32].  The  observed  relation  was 


Sj(f) 


a '  ,  ,2  . 

fv  )  &  ~  C  J 

{s  ^ 


(1.9) 


Here  p  is  the  observed  mobility  and  p.  is  the  lattice-scattering  mobility. 

it 

This  relationship  was  found  for  very  impure  samples,  where  p  (observed) 
is  due  to  impurity  scattering  and  in  very  thin  samples,  where  p  (observed) 
is  due  to  surface  scattering.  The  derivation  of  (1.9)  is  straightforward. 

Let 

i  i  i 

(1.10) 


}_ 


1_  +  1_ 


Then,  if  p^  has  no  noise,  we  find 

1 


1 

~2  Ap  = 


ip 


l 


or 


Au 


=  (y~)<’ 


?  Ap , 


or 


^  =  (M* 


2 


(l.H) 


(1.12) 


»V 


-  Vi  - 


Since,  accord:  nr.  ~o  Poore  (for  criticise,  see  below; 


(1.13) 


eq.  (1.9)  fo  1 .  ow  ■; . 

SecindK,  Desman,  Zijlstra,  and  van  Rheenen  [ 3 3 J  and  later 
Kleinpcnr.i  ng  '3-1]  shewed  that  the  liooge  parameter  is  effected  by 
hot  electron  effects.  They  found 


Vf>  a- 


1+(E/E  )' 


(BoSman) 


(1.14) 


(l+E/E^) 


(Klcinpenning) 


(1.15) 


Kleinper.  ing's  result  is  easily  explained.  For  n-type  silicon  one  often 


has  a  relation  of  the  form 


P(E)  = 


1  +  ^0t/v« 


(1.16) 


where  v  is  the  saturation  drift  velocity  for  v  -  p.E  if  E  -+  ». 
Assuming  that  the  fluctuations  arc  due  to  only  the  low  field  mobility  , 


we  find 


dM-  = 


AHo(1>PoE/Vs)-(u0E/v5)AfVo 


(l^0E/vs) 


(1.17) 


La  _  ^0  1 

P  P0  1+PoL/v: 


(1.18) 


Sja  =  _ 1__ 


(1.1?) 


With  the  sane  liooge  et  al  state  went  as  before  (viz.  ST/J"  =  S 
(1.15)  follows.  I'he  statement  that  the  fluctuations  are  due  to  those  in 
the  low  field  mobility  can  well  be  defended.  for,  computation  shows  that 
the  lattice  scattering  mean  free  path  for  hot  electrons  (see  Yana shit a 
and  Katanabe,  lecture  I)  is  the  same  as  that  for  thermal  electrons  (as 
found  in  Wilson's  book). 

Since  many  things  now  point  to  fluctuations  in  the  lattice  rnobili 
as  cause  for  1/f  noise,  we  must  now  look  for  mechanisms  that  lead  to  such 
1/f  noise.  So  far,  the  only  reasonable  advanced  theory  is  due  to  Jind&l 
and  van  dcr  Ziel  [55].  They  show  that  phonon  creation  and  annihilation 
processes  lead  to  a  distribution  of  phonon  lifetimes  commensurate  with  1/f 
noise.  There  is,  however,  a  problem  in  that  for  very  long  relaxation 
times  very  low  q-values  arc  necessary.  This  writer  has  pointed  out  to 
Jindal  that  the  lowest  q-valuc  in  the  B r'l \lou  i,,  zone  is  given  by 
n/aN  where  N  is  the  number  of  linear  atoms  and  a  the  lattice  constant. 

This  spoils  the  argument  of  an  otherwise  attractive  theory. 

6.  The  mobility-fluctuation  model:  Quantum  1/f  noise  .  Several 
years  before  the  experimental  evidence  pointed  conclusively  to  mobility 
or  carrier  scattering  fluctuations,  Handel  gave  a  theory  of  1/f  noise  based 
on  self  interference  of  the  wave  packet  .of  a  carrier  upon  scattering 
with  an  obstacle  [56] .  A  full  account  of  this  was  published  in  19S9 

[37] ,  and  another  version  of  the  theory  based  on  wave  interaction  in  19S1 

[38] .  Before  we  mention  the  essential  tenets  of  this  theory,  we  must 
point  out  the  connection  between  mobility  fluctuations  and  scattering 
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of  individual  electrons  (or  holes).  In  all  the  literature  up  to  now  the 

2 

argument  was  rrrst  of  all  that  the  proportionality  with  I  indicates  that 
1/f  noise  is  due  to  resistance  fluctuations  being  there  already  in  equi¬ 
librium;  the  current  merely  serves  as  a  probe  to  measure  these  fluctua¬ 
tions  (see  section  4) .  Since  R  =  constant  times  o,  one  has  undoubtedly 
for  linear  devices 


fi  !r  fv  Ja 

I2  "  R2  "  V2  "  a2  ' 


Now  a  =  euo,  Aa  =  epAn  +  enAp  • 


Cl. 20) 


Cl. 21) 


if  An  =  0  (no  number  fluctuations  since  we  are  not  interested  in  g-r 


noise)  the  reasoning  goes  o  =  enAp,  hence 
S/c2  =  S^/P2  =  a/fN  . 

This  is  ,  however,  wrong  as  was  recently  shown  by  van  Vliet  and 


Cl. 22) 


Zijlstra.  The  point  is  that  differential  relationships  like:  if  v  =  f (x) , 
fy  -  (dy/dx)Ax  are.not  valid  stochastically -if  f  is  a  statistical  function! 
CRelationships  of  this  type  have  been  very  often  misused  in  the  noise 
literature).  The  correct  argument  is  as  follows  [59]. 

Let  vd  =  <v.>  be  the  drift  velocity  of  the  ith  electron  in  a 


volume  AV  centered  on  r.  Then  the  1/f  noise  source  is  written  as 

N(r.t) 

H(r,t)  =  Z  0.23) 


where  N  =  n(r,t)AV.  Since  wc  not  consider'  g-r  or  diffusion  noise, 
n(£,t)  =  nQ(r)  is  constant.  However,  to  all  likelihood  the  electrons  in  V 
are  scotterd  indenendent ly .  Thus  from  (1.25) 


I 
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SH(r,r',f) 


q  *~N  f r)  s 

UV)J  =  :v(-rj 


(f) 


Cl. 24) 


where  S  ,  . (f)  is  the  drift  velocitv  noise  cf  anv  electron  in  the 
SilVCr) 

neighborhood  of  r.  The  cross-correlation  for  different  volumes  £V 
centered  on  r  and  r*  is  zero,  since,  as  we  saw,  the  velocity  fluctuations 
are  r.ost  likely  uncorrelated.  Thus,  replacing  1/jV  by  S(r-r'),  we  also 
have 

|nC£»£'»f)  =  q^oC.^SCr-r'^v^r)  U)  •  d-25) 

Now  Hooge's  relation,  when  translated  to  a  noise  source  of  a  volume 

AV,  reads  with  H  =  uJ  _  , 

-stoch. 


fH(r,r',f)  =  a[J0(r)]"5(r-r')/fn0(rJ 


(1.26) 


(note  that  double  integration  over  d^r  d3r'  leads  to  (1.7));  or  also 


=  a[o0(r)]‘5(r-r-)/fn0(r). 

Comparison  of  (1.25)  and  (1.26)  yields 

l4v(£)'f>  ‘  <=y0(E:)]V[n0(r,!2f 

Since  v  =  ^.E^,  this  gives  the  mobility  fluctuation  noise 

e  S4li(r)(f)  *  “t0W!2/f- 

In  the  absence  of  hot  electron  effects  -  does  not  usually  depend  on 
positions,  while  also  -  is  then  independent  of  E^;  then 

SA  (f)  =  aal/f  , 

Ap.  '  u 


(1.27) 


(1.2S) 


(1.29) 


(1.50) 
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This  is  the  proper  llooge  form  for  mobility  1/f  noise.  An  extension 
of  this  derivation  was  given  by  van  der  Ziel  and  van  Vliet  [40],  Notice: 
(a)  mobility  fluctuations  arc  not  correlated  in  space,  i.e.  S,  (r,r',f) 
as  used  by  Kleinpenning  is  meaningless;  (b)  the  factor  N  is  missing, 
since  mobility,  fluctuations  refer  to  individual  scattering  effects. 

It  is  here  that  Handel's  theory  comes  in.  This  is  exactly 
the  model  that  he  considers.  He  shows  that  individual  scattering  has  an 
inelastic  component  due  to  the  excitation  of  quantum  field  modes  of  the 
vacuum  state  involving  infrared  divergencies.  These  excitations  may 
involve  phonons,  photons,  electron-hole  pairs  on  the  Fermi  surface,  nuclear 
spin  magnons,  or  perhaps  even  largely  unknown  ’’correlated  states”  as 
described  by  Ngai  [41],  We  consider  Ngai's  theory  to  be  a  variation  of 
Handel's  general  quantum  1/f  noise  mechanism.  We  briefly  describe  Handel's 
theory  in  section  5. 

Tte  we  notice,  Handel's  theory  describes  individual  scattering 
and  leads  to  the  expression  (1.30),  even  though  many  details  (such  as 
the  role  of  lattice  scattering  versus  impurity  scattering  )  still  have 
to  be  filled  in.  Following  the  inverse  route  of  eqs.  (1.23)  to  (1.50), 
we  are  thus  led  to  Hooge's  relation  (1 . 26) - (1 . 7) . 

In  closing  this  section,  we  mention  that  presently  there  are 
three  excellent  extensive  review  papers  on  1/f  noise,  vie  by  van  der  Ziel 
in  Advances  in  Electron  Physics  [21],  by  Dutta  and  Horn  in  Review  of  Modern 
Physics  [20],  and  by  Hooge,  Kleinpenning  and  van  Damme  in  Reports  on 
Progress  in  Physics  [27].  No  serious  investigation  of  1/f  noise  can  do 
without  these  surveys! 
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b.  More  oil  tlio  llxporimenta  1  Kyi  deuce1 


1.  <- values 


llooge 

et  al  [27] 

give  the 

following  table: 

material 

nG  0r  Po 

from  Hall 

effect 

a 

T(k) 

n-InSb 

1.6xl014 

1.3xl(f3 

77 

1.6xl016 

3.4xl0_-i 

300 

p-InSb 

1.2xl016 

X 

o 

1 

77 

p-Ga.As 

17 

1.5x10 

2  xio'-5 

77 

O) 

X 

o 

1 

300 

n-GaAs 

2.3xl016 

6  xio'^ 

300 

p-GaAs 

2.3xl016 

3 . 4x l 0  ^ 

300 

n-GaP 

2.9xl01G 

9  xio'-5 

300 

Values  for  elemental  semiconductors 

and  metal  films 

were  published 

before  [ 2 S J . 

2 .  The  distinguishability  problem 
Hoogc  ct  ul  investigated  the  problem  of  how  to  distinguish 
between  mobility  noise  and  carrier  density  noise.  Suppose  a  quantity  X 
depends  on  n  and  on  N:X  =  X(p.,N) .  Then  their  argument  is  (_op  cit  p.50o) 
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AX  =  (JX/dN)  ‘N  —  S  [N  (dX/dNl ,]“S.  /X* 
A  U  A  U  U  •  * 


=  Cdx/lWo: 


sx  =  ^0cax/j,o0]-s,/^. 


(2.1) 


(2.2) 


Now,  not  knowing  the  cause  of  1/f  noise,  it  is  either 
Sn/N2  =  z/ fN 


S  /\T  =  a/fN.  (b) 

P- 

In  order  to  find  different  results  in  S„,we  must  thus  have  a  quantity  X 
for  which  N’dX/dN  /  udX/dq.  Obviously,  if  X  is  the  conductance  j  =  f_N, 
the  above  inequality  is  not  satisfied.  Thus  conductance  fluctuation 
cannot  distinguish  between  nobility  or  density  fluctuations. 

In  view  of  what  we  said  in.  the  last  section,  this  argument 
is  incorrect,  since  (2.2)  doe  not  hold.  However,  the  conclusion  remains 

correct.  For  X  =  Cj  (2.1)  gives  Scr^.  =  o“S  /N“  while  (2.2)  now 

2  2  *> 
reads:  =  (a  V-N)  S  /u“ .  Instead  of  (a)  and  (h)  we  now  have  S  /N“  = 

M-  2  ^ 

a/fN  and  S  /a  =  a/f.  Thus  the  same  ambiguitv  occurs:  S  =  S 
p  '  J.,  C 

N  p 

For  quantities  other  than  a  the  argument  needs  reexamination, 
since  a  relationship  of  the  form  (2.2)  docs  not  exist.  In  the  examples 
which  follow,  the  argument  should  be  repeated  to  avoid  the  erroneous 
equation  (b) .  Kc  have  looked  through  the  examples  in  some  detail.  It 
appears  to  us  that  Kleinpcnning  would  not  at  all  have  to  resort  to  eq.(b). 
Instead,  most  of  his  arguments  need  only  the  true  relation  f cm*  the  current 
noise  (1.7)  or  (1.26),  or  for  the  conductivity  noise,  (1.27). 


3.  Seebeck  fluctuations  [42] 


The  thermal  voltage  in  a  temperature  gradient  ST/L  is  given  by 

Vth  =  (vsk)5T/qT  (2-4) 

Here  t,  is  the  "mean  conduction  level" 

K 

ek  =  /“  eG(c)de//“  G(j:)dc  (2.5) 

where  G(e)de  is  the  conductivity  qn(s);v(£)dt  of  electrons  in  the 

it 

conduction  with  energies  between  s  and  c+de.  We  also  have 

Aek  =  /o(--<^>)-G(Od£/c  (2.6) 


Now  we  must  interpret  (1.27)  as  a  consequence  of  fluctuations  G(s) 
in  individual  subbands.  Here  the  physics  comes  in.  If  the  noise  is 
due  to  mobility  fluctuations,  there  is  delta  function  correlation  between 
the  subbands  since  carriers  scatter  independently,  as  we  saw  before. 

Thus  if  (1.27)  is  due  to  mobility  noise,  it  has  a  substratum  the  micro¬ 
scopic  source 


G(s),GU') 


=  [G (e)  ]  ‘ 


fnUJ 


■-5.(e.-e’) 


(2.7) 


Carrier  fluctuations  give  £m  (e)<x:n  (s) ,  which  when  substituted  in  (2.6) 

yields  S  =0.  We  now  substitute  (2.7)  into  the  expression  for  S 

ek  £k 

*  The  correction  stems  from  the  canonical  constraint.  We  feel  this 

constraint  could  better  have  been  incorporated  into  (2.7)  by  replacing 
6(e-e')  by  5(s-e')-l/£. 
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derivable  fro"  (2.0).  Thus, 
S  =- 


'k  f- 


2-0-0  ^  nJ  ^Ce-t’)deuc 


fG‘ 


j'0  Js[c-<:k>]“[G(c)]‘/n(e) 


(2.S) 


which  is  the  result  used  by  Kleinpenning.  For  r.urber  fluctuations, 

2  "> 

S  =0,  but  =  (kT)  “S^/Nq  tor  which  we  r.ay  use  relation  (a).  We 

k  F 

thus  obtain  different  results,  in  particular  if  we  impress  an  external 
voltage  in  addition  to  AT. 


4 ,  Other  effects 

Kleinpenning  also  showed  that  different  results  occur  in  the 
Hall  effect  and  in  the  noise  cf  SCL  diodes,  depending  as  to  whether  the 
noise  is  caused  by  mobility  or  number  fluctuations.  Again  a  warning 
is  in  order:  the  arguments  should  be  repeated,  without  u  sing  the  erro- 
neous  formula  (b) . 

5 .  Lattice  scattering  versus  other  scattering 

The  fact  that  the  noise  clearly  depends  on  the  type  of  scattering 
is  in  our  opinion  the  strongest  argument  for  mobility  fluctuation  as  the 
cause  for  1/f  noise.  The  reduction  of  c  for  impurity  scattering  is  shown 
in  Ref.  [42].  Both  results  are  due  to  Hooge  and  van  Damme. 


c .  H.itnii- 1  '  s  lh <. r y 

We  present  here  the  derivation  based  on  the  picture  of  wave 
interaction  r.oise,  given  in  a  previous  paper  [3S]  Handel's  theory  leads 
to  noise  whenever  particles  undergo  scattering.  The  theory  is  equally 
well  applicable  to  the  problem  of  emission  of  u-particles  (see  lecture  IV) 
or  to  scattering  with  lattice  vibrations.  We  consider  the  wave  function 
for  a  particle  undergoing  sr.all  energy  losses  in  scattering  in  a  period  T 


>^(r,t)  =  ae 


r  ,  rA  ,  ,  ,  .  iet/tf, 

[l+/c  dsb  (s)  C  ] 
“0 


(3.1) 


where  A  is  of  order  e.  For  the  mean  square  amplitude  one  thus  finds 
<U',|2>  =  |a|3(i+/o4vf(c)bT(-  •)>  ei('-',)t/tt  dtds'.  (3.2) 

For  T  -*•  «* , 

<b*Ce)bT(s’)  >  -  |b(c);22(--£').  (5.5) 

Clearly  b(e)  is  the  crcsssection  for  energy  losses;  in  case  these 
energy  losses  lead  to  emission  of  (very  low  energy)  photons,  we  speak  of 
bremsstrah lung .  However,  the  energy  losses  may  involve  excitations 
other  than  of  the  photon  fields,  e.g.  in  correlated  states.  For  small 

'y 

energy  losses  J b ( s )  [ “  represents  infrared  divergencies,  and  always 

(T  ^ 

goes  as  (s/eq)-'  (uA/s).  Here  cA  is  due  to  infrared  corrections;  as  a 
rule  cA  «  1  and 

,  i 


|b(e)  •*.  a  A/  c  ■ 

For  bremsstrah lung 


(3.4) 


aA  = 


40*"  (  Av) ' 


4  Av4- 

3  “f  2 
c 


(5.5) 


1 


where  r  is  the  fine  structure  co ns  t art  (1/127),  Av  is  t h. e  velocity 
char.se  and  c  is  the  s:  cod  of  light.  Far  other  rr.cesses  A  is  different 
but  (3.4)  retains  correct.  Substituting  (3.4.  am:  ',3.3)  in  (3.2) 
we  obtain 
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^tvj  >  a  i.1-.  o  3-.  -  o“.. 

For  the  analytic  signal  S  (•-.)  we  thus  have  upon  norma  1  i cation ,  denoted 


bv  ,  for  the  spectrum 


S,  (s) 


5fO*cA--. 


-1 


1  *cA 


-  1  . 

i  C  i 
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c  A 
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Now  let  (J  =  |  y  [ "  be  the  intensity  cf  the  particle  wave,  then  for  S  ^ 
we  have  bv  the  convolution  theorem.  if  c  =  hv 


S3(f)  =  0,.+  (---)3  ,+  (f-v)dv  (o.S) 

This  leads  to 

S3(f)  =  5(f)  -  2a.\f " 1 5  (f - f Q)  (3.9) 

where  S  is  the  unit  step  function;  f^  =  e^/h  is  an  arbitrarily  low 
frequency  of  the  experimental  set-up;  we  neglected  the  quadratic  term, 
which  represents  noise  of  noise.  The  5(f)  term  stems  from  the  d.c. 
intensity.  Thus 

S^(f)  =  2cAf_10(f-fo)  (3.10) 

Since  Ac?  *  Lg  ^Au.  where  Ao  is  the  cross  section  fluctuation,  and  Ay  the 
c  c 

mobility  fluctuation  resulting  from  this  scattering,  we  have 

V  ‘  V“2  ■  2^'f  (f  »  °)  • 


(3.11) 
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Thus  Hoove's  eHis,  u"cn  comparison  with  (1.303 

cH=  2 -A.  (3.12) 

For  bremsst  rah  iur.g ,  a  A  turns  out  to  be  much  too  low  since  Av/c  for 
electrons  is  extren.ely  small.  However,  there  arc  other  loss  mechanisms 
for  which  c.A  is  much  larger.  The  pinpointing  of  these  loss  mechanisms 
remains  the  largest  challenge  for  this  theory.  However,  the  form.  (1.30) 
is  easily  accounted  for  by  this  approach.  Presently,  Handel  and  the  autho 
are  studying  the  explicit  application  of  these  ideas  to  impurity  scattc-rin 
and  lattice  scattering. 

d.  Other  Basic  Questions 

1 .  1/f  noise  an  equilibrium  property? 

In  1976  Voss  and  Clarke  performed  an  extremely  interesting 
experiment  [23].  They  measured  the  Johnson  noise  of  a  resistor,  over  a 
large  bandwidth,  with  incomplete  averaging,  i.e.  the  averaging  time 
was  finite.  Then  the  noise  of  the  resistor  is 

Sv(u,t)Af  =  4kTP ( t) p (-:)  Af .  (4.1) 

They  now  measured  the  noise  of  the  noise.  If  R(t)  fluctuates  in  the 
absence  of  a  current  rrohe  with  a  1/f  spectrum,  the  noise  of  S,.(co,t) 
must  go  as  1/f.  This  was  indeed  observed.  Beck  and  Spruit  [44] 
reported  similar  measurements.  We  therefore  now  know  that  the 

current  is  not  driving  the  1/f  noise,  but  that  it  serves  only  as  a  probe 
to  measure  the  resistance,  i .  e.m.obi  1  ity  fluctuations.  Vet,  can  one  say 
that  1/f  raise  is  an  equilibrium  phenomenon?  Not  really,  if  Handel’s 


theorv  applies.  For  in  that  case  the  noise  is  there  under  qui scent  cor.ct- 


tions  since  scattering  (and  inverse  scat 


i  e  r  i  r.  g  p  e  c  a  u  s 


c  of  detailed  Lalar.cc) 


occurs  in  equilibrium;  however,  the  1/f  fluctuations  do  r.ot  stem  f: 


the  thermal  motion  of  the  carriers  ’rut  from  th 


c  ..i!2ru  urn  rr. o  c  u  ^ r. 


of  the  scattering;  the  noise  would  be  there  even  if  only  one  carrier 
underwent  collisions.  Since  quantum  1/f  noise  is  not  an  equilibrium 


property,  we  do  not  have  to  look  for  the  existence  of  a  fluctuation-:dis¬ 


sipation  theorem  which  will  yield  l/f  noise.  Such  would  be  the  case,  how¬ 
ever,  if  Jindal’s  theory  applies  (just  as  carrier  g- r  noise  can  be 
explained  by  the  fluctuation-dissipation  theorem.  -  van  Vliet  lfSS  [45]. 


2 .  Is  1/f  noise  stat i onarv ? 

First  we  note  that  the  divergence  of  the  variance  at  the  low- 
frequency  end  really  does  not  natter  much.  Hooge  et  al  remarked  that 
10  he  corresponds  to  about  1  month  measuiir.g  time.  But  even  if  one 
measured  a  century,  the  addition  to  the  variance  would  amount  to  only 
20°!  Dutta  and  Horn  noted  that  1/f  noise  cannot  go  on  to  f=0,  for  then, 
according  to  them,  the  specific  heat  contribution 

Cy  =  /~cfS.v(f)df/f  *  -  .  (4.2) 

However,  the  limit  0  is  artificial  and  for  high  frequencies  there  are 
always  mechanisms  to  shunt  the  noise.  More  important,  we  will  show 
in  lecture  IV  that  neither  the  variance,  nor  the  correlation  function  needv 
to  exist  for  1/f  noise.  These  concepts  are  simply  meaningless  for  1/f  noise. 
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The  spectrum  is  always  defined  by  S  =  1  in.  2T^a *(,:.) a U  )\  where  a 

T-w 

is  the  Fourier  coefficient  (Fourier  series  for  truncated  time  samnle)  ; 
the  statistical  Allan  variance  turns  out  to  be  static: ary,  see 
Lecture  IV. 

d.  Is  the  1/f  noise  mechanism  nonlinear? 

In  Handel's  theory:  yes,  because  of  the  radioactive  corrections 
due  to  "feedback"  of  the  infra  field  to  the  particle  wave  field.  How¬ 
ever,  these  corrections  are  very  small  ar.d  the  deviations  from  Gaussianitv 
are  minute  [46]  .  Bropnv  [47]  and  others  feund  that  the  short  time 
average  of  the  1/f  noise  power  showed  statistical  fluctuations  larger 
than  expected  for  stationary  signals.  On  the  contrary,  Stcisiek  and 
Wolf  [ 4 S]  found  the  noise  to  have  a  stationary  Gaussian  character. 

e .  Conclusions 

Taking  all  the  1/f  data  from  the  discovery  of  the  effect  in  1925 
up  to  now,  one  must  first  of  all  notice  that  there  is  conflicting  evidence 
on  basic  questions  such  as  surface  effect  or  bulk  effect,  temperature 
dependence  etc.  However,  t h i  -S  in  resolved  if  one  assumes  that  there 
were  various  types  of  1/f  noise,  such  as  surface  1/f  noise,  dislocation 
1/f  noise,  etc. ,  most  of  which  disappeared,  however,  with  improved 
technology.  The  surface  idea  mainly  remains,  in  conjunction  with 
McWhorter's  theory  for  MOSFETs.  The  remaining  1/f  noise  in  present  day 
solids  and  devices  seems  to  be  caused  by  bulk  fluctuations.  There  is  also 
considerable  evidence  that  the  bulk  conductance  fluctuations,  being  present 
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without  the  passage  of  current,  are  due  to  nobility  fluctuations .  The 
most  prominent  theories  are  ti'.ose  due  to  Jindal  and  \  an  der  Ziel,  dealing 
with  acoustical  phonon  fluctuations,  and  due  to  Handel  dealing  with  quan- 
tur.i  1/f  noise.  Ke  presented  Hooge's  result  for  the  conductance  fluctuations 
in  the  form  of  a  modified  nobility  noise,  eq.(l.SO);  this  is  the  basic 
equation.  Handel's  theory  goes  a  long  way  in  explaining  such  a  relation 
though  nan>'  details  require  more  work.  The  temperature  fluctuation 
hypothesis  is  practical ly  laid  to  rest,  except  for  fluctuations  near 

the  superconducting  transition,  M>re  experiments  should  be  done  which  have 

ivi 

a  bearing  on  the  current  ideas, Aset  forth  in  this  paper. 
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B.  EXPERIMENTAL  WORK 

I.  Gold  Thin  Films  Project  (J.  Kilmer) 

Due  to  the  theoretical  possibility  of  1/f  noise  stemming  from  surface 
heat  sources  [1]  and  the  possible  strong  temperature  dependence  of  noise 
sources  in  metal  thin  films  [2-4],  an  investigation  of  noise  correlation  over 
a  full  ambient  temperature  range  is  to  be  performed.  We  have  received  from 
the  National  Research  &  Resource  Facility  for  Submicron  Structures  at  Cornell 
under  Dr.  E.  Wolf  and  R.A.  Buhrman,  closely  spaced  configurations  of  gold  thin 
film  resistors  designed  by  Dr.  van  Vliet.  The  configurations,  see  Figure  1, 

O  O 

consist  of  2000  A  thick  gold  films  deposited  on  top  of  a  200  A  chromium  layer 
adhering  to  a  standard  silicon  substrate.  The  standard  configuration  of  three 
resistors  is  repeated  for  varying  widths  and  spacings  of  .5pm,  1  pm,  and 
2  pm.  Each  resistor  has  two  100  pm  square  gold  bonding  pads  and  were  delivered 
unbonded  so  we  could  decide  how  to  make  electrical  contact  to  them  when  they 
are  in  the  cryostat.  The  cryostat,  to  be  ordered  in  June,  is  the  Cryosystems 
Model  21  closed-cycle  cryogenic  refrigerator,  capable  of  maintaining  a  constant 
temperature  (as  low  as  10°  K)  determined  by  a  thermostat  setting.  The  extra 
data  needed  at  4°  K  will  be  obtained  by  directly  submerging  the  sample  in  liquid 
helium.  We  have  decided  to  dice  the  substrate  so  that  a  standard  group  of 
three  resistors  is  contained  on  a  single  silicon  chip.  The  chip  is  silver 
epoxy  glued  (for  thermal  conductivity)  to  a  six-lead  T05  can  and  the  pads  are 
gold  wire  bonded  to  the  T05  can  posts  by  an  ultrasonic  bonder.  The  cryostat 
comes  equipped  with  a  T05  can  cold  chamber  mount  and  a  six-lead  feedthrough. 

We  need  electrical  contact  to  three  resistors  in  the  same  thermal  environment 
so  that  one  element  can  be  biased  as  a  "heater"  and  the  correlation  between 
the  responses  in  the  other  two  "sensors"  can  be  observed.  The  so-called 
"three-element  experiment"  is  described  in  Joyce  Kilmer's  master's  thesis  [5] 
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for  case  of  thermally  coupled  transistors.  Once  the  characteristics  of  the 
resistors'  thermal  coupling  are  determined,  the  1/f  noise  will  be  measured 
using  the  low-noise  amplifier  designed  by  Robert  Schmidt  and  the  HP3582A 
FFT  spectrum  analyzer.  The  Hooge  parameter  will  be  checked  to  see  if  it  is 
inversely  proportional  to  the  volume  (or  width  in  thin  films)  for  a  bulk 
effect.  Finally,  the  correlation  of  the  resistor  1/f  noise  spectra  will  be 
measured  at  cryogenic  temperatures.  Presently,  the  linear  V/I  characteristics 
of  a  resistor  have  been  confirmed  over  a  few  decades  of  current  in  the 
Cornell  devices,  and  the  1/f  noise  is  being  measured  at  room  temperature. 
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I I .  Presence  of  Mobility-Fluctuation  1/f  Noise  Identified  in 

Silicon  P+NP  Transistors  (J.  Kilmer,  A.  van  der  Ziel,  and  G.  Bosnian) 

a.  Abstract 

The  magnitude  and  location  of  mobility-fluctuation  1/f  noise  sources 
have  been  identified  by  means  of  biasing  a  PN’P  transistor  in  a  common  emitter 
configuration  with  first  a  high  and  then  a  low  source  resistance.  Comparison 
of  the  two  noise  spectra  at  the  same  base  currents  shows  the  low  source 
resistor  bias  isolates  the  collector  noise  sources,  and  the  high  source 
resistance  isolates  base  noise  sources.  The  magnitude  of  the  observed  collector 
1/f  noise  gives  an  a  e:  2  X  10  ^  from  Kleinpenning' s  mobility-fluctuation 
theory.  The  base  1/f  noise  gives  an  a  -  10  ^  due  to  an  impurity  mobility 
reduction  factor  of  about  100. 

b.  Introduction 

To  date,  three  causes  regarding  the  origin  of  1/f  noise  in  transistors 
prevail. 

1)  Fluctuating  occupancy  of  electrons  in  oxide  surface  traps  (or  dis¬ 
locations)  in  the  base  or  emitter  space-charge  region  modulates  the  (surface) 
recombination  velocity.  1/f  noise  due  to  fluctuating  recombination  velocity 
is  represented  as  a  recombination  current  1^  flowing  from  emitter  to  base  [1J. 

2)  Mobility  fluctuations  due  to  holes  interacting  with  phonons  cause 

1/f  noise  in  the  hole  current  I_  diffusing  from  the  emitter  to  the  collector. 

Ep 

3)  Mobility  fluctuations  due  to  the  electron  current  I£n  injected  from 
the  base  into  the  emitter  may  also  cause  1/f  noise. 

1/f  noise  due  to  a  fluctuating  series  base  resistance  r^  we  do  not  con¬ 
sider  since  I  is  small  in  a  high  B  transistor.  The  three  possible  causes 
are  represented  as  current  sources  51^,  ^£n»  anc*  ^*Ep  an  e£3uiva^enC  circuit 
for  a  PNP  transistor  first  drawn  by  Plumb  and  Chenette  [ 2 J  and  later  modified 
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by  van  der  Ziel  (see  Figure  2)-  Here  we  combine  Che  two  base  current  sources 

into  an  equivalent  base  1/f  noise  source,  i..  ,  where  i...  =  -61  -  61  and 

ib  ib  R  En 

rename  the  collector  current  source,  i-  ,  where  i,  =  -6I„  . 

fc  fc  Ep 

In  older  transistors  the  predominant  1/f  noise  source  was  the  recombina¬ 
tion  current  because  those  devices  had  large  surface  recombination  velocities. 
The  purpose  of  our  present  investigation  is  to  determine  whether  1/f  noise 
due  to  mobility  fluctuations,  as  presented  first  by  Hooge  [3]  and  recently  by 
Kleinpenning  [A],  is  present  in  contemporary  devices  with  small  surface 
recombination  velocities. 

Van  der  Ziel's  appendixed  derivation  [5]  of  Kleinpenning’ s  expression  for 
the  noise  spectrum  due  to  mobility  fluctuations  of  emitter-collector  hole 
diffusion  in  P+NP  transistors  shows, 
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where  a  is  the  Hooge  parameter  associated  with  hole  current,  t,  =  w  2/2D 
p  dp  B  p 

is  the  diffusion  time  for  holes  through  the  base  region,  w  the  base  width 

D 

and  P(0)  and  P(w  )  are  the  hole  concentrations  for  unit  length  at  the  emitter 

D 

side  ard  the  collector  side  of  the  base,  respectively.  We  see  the  magnitude 


of  Sj  is  inversely  proportional  to  Td  ,  which  means  that  is  propor- 

Ep  P  Ep 

tional  to  f^,  since 
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Therefore,  the  hole  mobility  fluctuation  1/f  noise  source  is  larger  in 
transistors  with  a  large  f^  (e.g.,  microwave  transistors). 

Also  for  electron  injection  from  base  to  emitter,  we  have,  due  to 
mobility  fluctuations  [5  »eq. (4)] , 
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where  x  =  w  2/2D  ,  w„  the  width  of  the  emitter  region,  D  the  electron 
dn  L  n  E  n 

diffusion  constant  in  the  emitter  region,  whereas  N(0)  and  ^(w^)  are  the 
electron  concentrations  for  unit  length  at  the  base  side  of  the  emitter 
and  at  the  emitter  contact,  respectively. 


c .  Experiment  to  discriminate  between  the  main  noise  sources 
In  the  Plumb-Chenette  [2]  experiment,  we  can  discriminate  between  i„ 
and  i  by  placing  the  transistor  in  a  common-base  configuration  and  monitor¬ 
ing  the  emitter- base  noise.  The  disadvantage  of  this  approach  is  that  the 
emitter-base  noise  requires  preamplification  making  this  a  "less-clean" 
experiment,  since  the  input  impedance  of  the  preamplifier  is  in  parallel  with  the 
most  sensitive  part  of  the  equivalent  noise  circuit. 


A  "cleaner"  way  to  observe  the  base  noise  is  by  employing  the  natural 
amplification  of  the  device  and  measuring  collector  noise.  With  the  transis¬ 
tor  in  a  common-emitter  configuration,  the  noise  at  the  collector  will  be  an 
amplified  version  of  the  base  noise  provided  we  limit  the  collector  current 
to  a  few  milliamps  so  that  the  collector  shot-noise  level  lies  below  the 
amplified  base  shot-noise  level.  Redrawing  Figure  2  into  a  common-emitter 
configuration  and  squaring  the  noise  sources  so  they  represent  spectral  con¬ 
tributors  (see  Figure  3),  we  see  (R  +  r.  )  is  now  in  parallel  to  the  input 

s  b 

(base)  equivalent  circuit  of  the  transistor.  Also  in  Figure  3,  the  collector 
noise  current  sources  have  been  referred  to  the  input  equivalent  circuit  as 
noise  voltages  sources  by  multiplying  by  1/g  =  r  /6  (valid  if  r  >>  r,  )• 

An  HP3582A  FFT  spectrum  analyzer  measures  the  spectral  density  of  the 


collector  noise,  M2/Af.  Calculations  from  Figure  3  reveal 
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Af 
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1 

r  ^ 

r  r,  +  R  "I 

s  +  s 

+  2kTr_ 

b  s 

R  +  r,  +  r 

R  r, 

R  +  r  +  r 

Is  b  I 

Is  b  ~ 

L  s  b  "  J 

ifb 


(rb  +  Rs):r-2 
(Rs  +  1b  +  rr)2 


(A) 


If  we  use  chat  r_>>  and  £  >>  1,  then  equation  (4)  can  be  rewritten 
so  that  we  obtain 


M- 


=  A" 


+  R 


R  +  r,  +  r  . 
s  b  tt  J 


Sifc 


2kT(2r  +l/g  )  +  - -  +  S 

b  m  2  it 


r  ' 
b  b 


4kT  +  2  !il p  +  2S.fbrb 


+  R 


2kT  +  — -f—  +  S  . 


r-  ft2 


ifb 


.  (5) 


We  see  that  there  are  three  regions  to  the  magnitude  of  the  measured  noise 
versus  Rg--an  independent,  a  linear,  and  a  quadratic  regime. 

Ideally,  the  mobility-fluctuation  1/f  noise  measurements  should  be 

made  on  microwave  transistors  biased  with  low  currents  for  both  high  and 

low  R  .  Unfortunately,  microwave  transistors  usually  do  not  have  a  high  DC  ft. 
s 

So  the  experiment  was  performed  on  low-noise  PNP  transistors  (GE  82  185) 
with  6  —  350  typically.  A  simple  biasing  scheme  was  used  for  the  high  Rg 
experiment  (see  Figure  4)  and  the  noise  was  measured  for  three  different 
In's.  From  equation  (5)  and  for  the  case  of  high  R  ,  we  see  that 
we  measure  with  the  spectrum  analyzer. 


[ZeIB  +  Sifb  +  ]  ’  (6> 

where  we  have  neglected  the  small  r,  and  r  compared  to  a  high  R  and  the 
a  b  TT  s 

terms  independent  of  and  proportional  with  Rg .  The  measured  high  Rg  noise 
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spectra.  f ,  is  now  scaled  down  by  1/c 

in  Figure  5  (curves  IV,  V,  VI)  represents  the 
physical  noise  sources  (in  amp'  sec)  referred 


'  HR 


M  " 
111 


L=vJ 


del  +  S...  + 
b  i :  b 


The  high  frequency  roll-off,  which  each  of  the 
buted  to  the  Miller  effect  of  the  capacitance 
(see  Figure  3)  where 


C  =  C  +  C,  (1+  |A  ! )  . 
T  beo  bco  1  v‘ 


so  that  the  noise  plotted 
absolute  magnitude  of  the 
back  to  the  (base)  input, 

S .  _ 


plots  indicates,  is  attri- 
in  the  equivalent  circuit 


(8) 


Since  IT1  is  small,  r  is  large,  and  the  f  =  1/C_r_,  Miller  cut-off  fre- 

d  n  mi" 

quencv,  is  low  ~  2KHz.  Siiot  noise, low-pass  filtered  across  the  parallel 
combination  of  r_  and  C^,  gives  at  sufficiently  high  frequencies, 


2el 

1  + 


(9) 


the  observed  l/f11  roll-off. 

To  bias  the  transistor  with  a  low  R^,  the  voltage  divider  circuit 

shown  in  Figure  6  was  used.  In  this  situation  we  neglect  the  terras  in 

2 

eq.  (5),  which  are  proportional  with  R  and  R  .  Using  g  =  8/r  and  neglect- 
n  ’  ss  °m  it 

ing  Rg  and  with  respect  to  r^,  we  see  that  we  can  plot  (again  in  amp"  sec). 


2el  +  AkTr  g  " 
C 


+  S.,  +  S .  r  ‘ 

ife  lfb  b 


(10) 


This  was  done  in  Figure  5  (Curves  I,  II,  III)  at  the  same  three  I^'s  used 
in  the  high  Rg  experiment  in  order  that  the  high  and  low  spectra  can  be 
quantitatively  compared. 


J* 
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It  should  be  noted  that  c-q.  (10)  is  onlv  valid  for  R  <<  r  .  In 

s  b 

practice,  however,  R  was  of  the  same  order  of  magnitude  as  r,  at  low 

s  -  b 

I„  (R  —  3.1).  As  a  consequence,  the  thermal  noise  generated  by  R  cannot 

L  S  S 

be  neglected  and  has  to  be  incorporated  in  eq .  (10).  The  expression  for 
S  becomes 

LK 

S 


=  2el  +  crtT  (r,  +  R  )  g  +  S  +  s-  8  2 
LR  c  b  s  um  lfc  lfb  b  m 

s 


The  observed  white  noise  levels  of  the  low  spectra  were  extrapo¬ 
lated  by  subtracting  out  the  1/f  component  and  were  found  to  lie  above  the 
shot-noise  levels.  We  note  from  equation  (11)  that  there  are  two  contribu¬ 
tors  to  the  observed  white-noise  level,  that  due  to  I„  and  that  due  to  (r,  +R  ). 

L  b  s 

The  difference  between  the  observed  white-noise  level,  (S.  _  ),,,  and  the 

LKS  « 

collector  shot  noise  (2el„)  is  attributed  to  (r,  +R  ).  Therefore,  we  have  a 

L  b  s 

wav  to  calculate  r,  since 
b 


(12) 


The  calculated  values  of  r,  are  indicated  in  the  data  tabic  below.  We  notice 

D 

that  the  base  resistance  decreases  with  increasing  emitter  current  as  it  should 
for  increasing  injection,  see  van  Yliet  and  Min  [9]  (the  dependence  is 
roughly  as  1  /  1^.  ;  see  also  Spenke  [10]  )  . 
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Tabic  of  Data  Obtained 


Low 

R  Data 
s 

High 

R  D 
s 

ata 

Bias 

w  ^  r  ^  u- 

I 

V 
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r 

(Vki-I 

IB. 

L 

(a 

Jvi:; 

3 

i 

2 . 25r?Av 

340 

42 

1.72  X  10-6 

IV 

6 . 7pA 

362 

1.2 

X  10"7 

I  =  3;jA 

3 

ii 

1 . 3  mA 

420 

9.2 

2.17  X  10-6 

V 

3pA 

363 

6 . 6 

X  10"e 

*3  =  ^ 

hi 

5  05  c  A 

413 

202 

1.86  X  10_G 

VI 

1 . 2pA 

307 

9.2 

X  10-3 

To  calculate  the  magnitudes  of  S.,  and  S . ,  we  look  onlv  at 

ife  lfb 

the  1/f  portion  of  our  spectra  (i.e.,  at  f  <  100  Hz)  where  we  are  above 
the  shot-noise  level  and  can  write,  at  low  f. 


LR 
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and 
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Having  two  equations  involving  the  two  unknowns  and  S  we  so^ve 
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Now  from  inspection  of  Figure  5,  we  see  S  <<  S  at  1Hz,  and  since 
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wo  can  neglect  !/:'•  and  (15)  simplifies  to 
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LR 
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S 

ifc 


(16) 


Ke  see  at  low  frequencies  the  low  R  bias  configuration  isolates  S 

s  itc 

Solvinr,  S .  we  find 
ltb 


i  fb 


(17) 


From  our  data,  S,  is  a  factor  of  ten  less  than  S  at  1  Hz ,  and  we 

!.*•.  HR 

s  S 

sec  the  h;  -h  :•  e.:  -ent  iullv  isolates  S  .  ... 

lfb 

'•  a  •  .r  •  :  haw  been  identified,  we  must  apply 

the  -•  t  -  •  ■  •  ••  .  ’  .  .  .  :  .t  :  theory  equations  (1)  and  (2)  to 

c a i  chit;  tin.  parameter  a.  Since  tha  low 

R.  experiment  isolated  c  '.It  ,  tor  iso,  we  have 


(18) 


Solving  for  u 

P 


and  using  equation  2, 


we  have 


(19) 


To  estimate  the  ratio  P(0)/P(Wg)  according  to  Kleinpenning  [5,  eq.  (A7)], 
we  have  the  inequality 


P(0)/P(w)  <  wv  /D 

-  s  p 


(20) 


where  is  the  saturated  drift  velocity.  Using  this  permits  us  to  calculate 
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a  minimum  value  for  u.  Further,  we  know 


For  our  silicon  PNP  with  f  =  200  MHz,  w  =  1.35  pm.  Using  v  c;  10^  cits  ^ , 

we  calculate  in [P (0) /P (w^) ]  <  4.75.  This  value,  used  in  eq.  (19),  gives  the 

minimum  values  of  a  tabulated  in  the  data  table  for  S,  _  evaluated  at  l.Hz. 
P  LR  ; 

__  6  a 
Values  of  ~  10  are  small  but  typical  of  silicon  at  room  temperature 

according  to  Bosnian  et  al.  [6,  Fig. 5]. 

For  the  case  of  base  1/f  noise,  we  have 


HR  ifb 

s  En 


and  using  the  base  to  emitter  expression  (3)  we  have,  for  a^. 


S„D  f  2x. 
HR  dn 

s 


N  (0)  1  ’ 

_N(w£)< 


since  I  =  I„  in  a  P  NP  transistor.  We  saw  for  the  case  of  holes  the  In 
En  B 

term  in  the  denominator  did  not  significantly  affect  the  order  of  magnitude 
of  a,  and  we  expect  a  similar  case  for  electrons.  We  take  In  [N(0) /N(w  ) ] <  5. 
since  we  expect  the  ratio  of  electrons  in  the  emitter  to  be  a  few  orders  of 
magnitude  greater  than  the  ratio  of  holes  in  the  base  due  to  the  high  recom¬ 
bination  of  electrons  in  the  heavily  doped  emitter.  Using  this  and  the  approxi 
mation  that  T(jn— T^p  suggested  by  van  der  Ziel  [5],  we  calculated  the  minimum 

values  of  a  which  are  tabulated  in  the  table  for  S„_  evaluated  at  1  Hz.  Here 
n  HRS 

we  see  the  values  of  a  are  one  or  two  orders  of  magnitude  lower  than  a  ,  which 

n  p 

at  first  glance  seems  to  imply  that  recombination  current  fluctuations.  Cause  1 


still  account  for  base  1/f  noise.  However,  we  realize  that  we  have  a  P  NP 
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device  where  the  emitter  is  heavilv  doped  and  our  observed  a  is  diminished 

n 

by  an  impurity  mobility  reduction  factor.  Ke  have,  according  to  Hooge  et  al. 
[7.  ec.(S.lO)], 


a 


observed 


r  b  - 

imp 

. ylatt 
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rue 


(24) 


From  the  study  by  Jacoboni  et  al .  [8,  Fig.  5],  we  see,  for  an  impurity  concen- 
18  —  3 

t rat  ion  —  7  X  10  cm  ,  the  ratio  of  p.  /y.  —  1/10.  Using  eq.  (24),  we 

imp  13 1 1 

obtain  a  minimum  value  of  —  10  ^  for  (a  )  true. 

n 

-5  -3 

Bosraan  et  al.  report  a  values  ranging  between  10  and  10  for  electrons 
in  n-type  silicon.  Hence  we  conclude  that  the  1/f  noise  in  the  base  of  tran¬ 
sistors  can  also  be  attributed  to  a  mobility-fluctuation  mechanism,  similar  to 
the  one  causing  the  collector  1/f  noise. 
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III.  High  Frequency  Amplifier  and  Noise  Diode  (J.  Andrian) 

a.  Ainpl  if  ier 

We  need  a  standard  noise  source  and  high-frequency  amplifier  to  per¬ 
form  noise  measurements  in  the  high-frequency  range.  We  can  have  that  by 
using  5  dual  gate  amplifiers  in  parallel  with  a  common  source  as  output, 
see  Fig.  7. 

We  give  one  stage  in  Fig.  8a.  This  configuration  has  a  very  good 
performance  at  high  frequencies. 

The  output  stage  is  necessary  to  match  impedance,  see  Fig.  8b. 

b .  Standard  noise  source 

The  idea  is  to  have  a  flexible  noise  source  using  a  noise  diode  (5722). 
The  circuit  used  to  build  that  noise  source  is  given  in  Fig.  9. 

IV.  1/f  Fluctuations  in  Radioactive  Decay  Rate  (Jeng  Gong) 

The  block  diagram  of  the  counting  system  being  used  to  investigate 

1/f  fluctuations  in  a-particle  emission  rate  is  shown  in  Figure  10.  The 
241 

source  is  g^Am  ,  which  decays  with  a  half-life  of  T^^  =  458  years  with  the 

237 

emission  of  5.48  MeV  a-particles  into  g^Np  .  The  detector,  a  silicon  surface 

barrier  detector,  is  reverse-biased  at  80  volts,  and  the  dead  time  of  the 

Analog  to  Digital  Convertor  and  Multi-Channel  Analyzer  are  6  n-seconds  and 

6  y-seconds  respectively.  Therefore,  no  dead-time  correction  is  necessary, 

as  long  as  the  counting  rate  is  kept  lower  than  1000  counts  per  second  (or 

the  averaged  time  elapse  between  two  counts  is  higher  than  1000  y-seconds). 

Based  on  van  Vliet  and  Handel's  Allan- variance  transform  theory  (see 

A2 

section  C) ,  the  Allan  variance,  aM  ,  for  Poissonian  shot  noise  with  spec- 

M-p 

trum  S  (w)  =  2m  ,  equals  m  T.  Where  m  is  the  average  counting  rate  in  the 
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time  interval  (t,  t  +  T),  and  m^T  is  the  averaged  total  counts  for  a  time 

interval  T.  For  1/f  noise  with  a  spectrum  of  S  (w)  =  2mC/ ! u! ,  the  Allan 

m  ' 

variance  is  2CT2ln2. 


For  suppose  that  the  radioactive  decay  is  composed  of  white  noise, 

A2  ^ 

i.e.,  a..  =  m  T  +  2CT"ln2;  recall  that  <M_>  =  m  T,  then  a  measurement  of 

Fir.  O  1  o 

A2  9 

R(T)  =  a  /<M_,>^  yields  R(T)  =  1/m  T  +  2C'ln2,  where  C'  =  C/m2  is  a  con- 
Mt  1  o  o 

_  6 

stant  in  the  order  of  10  .  For  short  time  intervals  the  term  1/m  T  is 

o 

dominant;  hence  R(T)  is  proportional  to  1/T.  When  T  is  long  enough, 

2C'ln2  becomes  dominant;  R(T)  is,  therefore,  a  constant. 


The  measured  R(T)  versus  1/T  is  shown  in  Figure  11.  It  shows  clearly 
that  for  T  small  R(T)  is  proportional  to  1/T,  for  T  large  R(T)  becomes 
independent  of  T.  The  200-minute  measurement,  R(200) ,  is  53%  higher  than 
Poissonian  noise,  which  indicates  that  1/f  noise  becomes  comparable  to  shot 
noise  at  this  frequency  (1/200  minutes  =  8.3  x  10  ^  Hz).  A  measurement  of 
R(400)  gives  a  value  very  close  to  that  of  R(200)'s,  which  is  strong  evidence 
that  1/f  fluctuations  do  exist  in  a-particle  emission  rate,  since  we  expect 
R(T)  to  be  a  constant  for  1/f  noise,  when  T  is  long  enough. 

The  points  in  Figure  11  don't  fall  on  the  line  very  well;  this  is  due 
to  small  sampling  size  (only  seven  sets  of  data  were  acquired  for  400-minute 
measurements).  In  order  to  determine  the  minimum  number  of  intervals  needed 


for  an  accurate  measurement,  we  then  plot  R(T)  versus  the  number  of  intervals, 
N,  for  different  T’s.  These  figures  show  that  when  N  is  small,  R(T)  is  spread 


over  a  wide  range;  when  N  is  increased,  R(T)  is  converged,  and  finally  reaches 
a  stable  value. 


For  example:  Figure  12  shows  that  for  T = 100  minutes,  21  sets  of 
measurement  give  R(T)  =  (7.09  ±  3.94)  x  10  for  N=24,  R(T)  =  (7.23+2.14) 
x  10  7;  for  N=27,  R(T)  =  (7.13  ±1.85)  x  10  ^ .  Here  R(T)  is  given  in  the 
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form  of  (mean  value  ±  standard  deviation).  From  Figure  13  we  know  that  for 
T=1  minute  at  least  70  sets  of  measurements  are  necessary  for  a  reliable 
value  of  R(T) .  Figure  14  shows  that  for  T  =  3  minutes  we  need  N  >  50. 

According  to  the  above  analysis,  we  then  measured  R(T)  several  times, 
with  sufficient  number  of  intervals  contained  in  each  measurement.  The 
averaged  values  of  R(T)  are  shown  in  Figure  15,  which  is  much  more  reliable 
than  the  results  shown  in  Figure  11.  From  Figure  15  we  see  that  400  minutes 
is  still  not  long  enough  to  obtain  a  constant  R(T) ;  longer  time  measurements 
are  necessary. 

In  Figure  16  we  show  the  comparison  of  Allan  variance  and  normally 
defined  variance. 


2  -i<TT  .£  («1-<«»2. 
1  =  1 


A2 


from  which  we  see  that  for  T  small  a.,  is  proportional  to  T,  for  T  large  it 

M'p 

shows  the  tendency  of  T2.  The  normal  variance  shows  similar  behavior;  how¬ 
ever,  it  does  not  behave  so  well  as  the  Allan  variance  does.  Hence  the 
Allan  variance  is  the  better  tool  to  investigate  1/f  fluctuations  in  count¬ 


ing  experiments . 
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V.  Noise  in  Near-Ballistic  n  n  n  and  n  pn 
Gallium  Arsenide  Submicron  Diodes 

(R.R.  Schmidt,  G.  Bosman,  C.M.  van  Vliet;  L.F.  Eastman 
and  M.  Hollis,  Cornell  University,  Ithaca,  N.Y.) 

a.  Abstract 

D.c.  characteristics  and  noise  measurements  in  the  range  1  hz  -  25  khz 

are  reported  for  n  nn  and  n  pn  near-ballistic  devices,  with  n  regions 

(p  regions)  of  0.4  pm  (0.45  pm)  ,  fabricated  by  molecular  beam  epitaxy  at 

Cornell.  The  n\n+  mesa  structures  show  very  low  1/f  noise,  indicating  a 

—  8 

Hooge  parameter  a  =  2  x  10  .  This  very  low  noise  is  attributed  to  the 

H 

near  absence  of  phonon  collisions.  The  thermal  (-like)  noise  above  1  khz  is 
equal  to  Nyquist  noise  at  the  lowest  currents,  rising  to  slightly  above  Nyquist 
noise  for  high  currents,  indicating  the  presence  of  carrier  drag  effects.  The 
n+pn+  noise,  on  the  contrary,  is  quite  high.  It  seems  to  be  associated  with 
the  current  which  is  present  below  punch-through.  The  Rpectral  shape  indi¬ 
cates  a  diffusion  origin.  The  importance  of  noise  measurements  for  dis¬ 
criminating  between  the  various  existing  d.c.  current  treatments  is  discussed. 

b .  Introduction 

Subraicron  gallium  arsenide  structures  are  of  great  current  interest, 
since  they  permit  ballistic  or  near-ballistic  electron  flow,  which  in  turn 
leads  to  carrier  velocities  that  far  exceed  the  saturation  velocity  in  colli¬ 
sion-dominated  conduction,  thus  enabling  the  design  of  picosecond  switching 
devices  and  other  novel  applications.  The  fabrication  of  submicron  devices 
has  been  made  possible  by  modern  MBE  techniques,  electron  lithography,  etc. 

For  GaAs  near-ballistic  behavior  requires  that  the  distance  to  be  traveled 
by  the  injected  electrons  is  less  than  or  of  the  order  of  0.7pm.  Eastman 
et  al.  report^  that  the  mean  free  path  for  phonon  emission  into  optical 
polar  modes  at  room  temperature  is  0.1pm  for  electrons  of  0.05  eV,  and 
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0.2  pm  for  electrons  of  0.5  eV.  Phonon  absorption  has  a  .longer  mean  free 
path  and  can  be  neglected  for  the  devices  reported  here,  having  thicknesses 
of  0.4  yn  (thickness  of  n  layer  in  n  nn  devices)  and  0.45  ym  (thickness  of 
p  layer  in  n  pn  devices).  At  higher  electron  energy  intervallev  scattering 
becomes  important,  thus  limiting  the  near-ballistic  range  to  about  0.5  eV 
of  electron  energy.  In  a  sample  of  0.4  ym  thickness  about  two  phonon 
emissions  may  occur.  These  involve,  however,  small  angle  deflections  only 
(5°  -  10°)  and  have  little  effect  on  the  d.c.  carrier  characteristics,  accord¬ 
ing  to  Ref.  1. 

The  theory  for  "pure"  ballistic  behavior  (no  collisions  suffered  what¬ 
soever)  was  developed  by  Shur  and  Eastman  in  1979  in  a  basic  paper  on  this 
2) 

topic  .  They  solve  Poisson's  equation,  allowing  for  space  charge  of  both 

fixed  ionized  donors  (or  acceptors)  and  injected  carriers.  Employing  boundary 

conditions  which  neglect  the  initial  thermal  energy  of  the  electrons  injected 
41 

from  the  n  into  the  n  layer  (or  p  layer  after  punch-through),  they  find  the 
solid  state  analog  of  Child's  law  in  vacuum  tubes.  For  sufficiently  small 

voltages  there  is  a  domain  in  which  the  current  I  goes  as  V2;  when  the 

injected  space  charge  exceeds  the  fixed  charge  due  to  the  ionized  donors 

3/2 

or  acceptors,  the  characteristic  changes,  however,  to  the  familiar  V  form. 
In  Ref.  1  measurements  are  presented  which  fairly  well  support  these  pre¬ 
dictions,  providing  the  nonparabolicity  of  the  bands  and  the  onset  of  inter¬ 
valley  scattering  at  higher  voltages  are  taken  into  account.  In  a  later 

.  3)  4) 

theory,  Shur  and  Shur  and  Eastman  extended  the  theory  to  that  for  "near- 
ballistic"  devices,  in  which  few  collisions  can  occur.  Since  the  Boltzmann 
equation  would  be  inappropriate  for  that  regime,  the  collisions  are  taken 
into  account  by  adding  momentum  and  energy  "drag  terms"  to  the  otherwise 
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ballistic  equations  of  motion.  In  this  way,  the  transition  from  Child's  law 
(t where  r  is  the  collision  time)  to  the  Mott  and  Gurney  law,  I^V2 
(finite  t)  is  covered' by  this  approach. 

Two  modifications  have  been  proposed  by  others,  which  may  have  a 
bearing  on  the  present  paper.  First,  Rosenberg,  Yoffa  and  Nathan‘S  discuss 
the  effects  of  "spillover"  of  carriers  at  the  n+n  high-low  junction.  This 
means,  in  essence,  that  the  boundary  conditions  must  be  changed  to  account 
for  the  depletion  of  n+  regions  and  spillover  into  the  adjacent  Debye  lengths. 
As  a  result,  the  effective  width  of  the  n  region  is  smaller  nnd  the  current 
is  higher  than  that  computed  in  Ref.  2.  Secondly,  Cook  and  Jeffrey^  have 
indicated  that  the  energy  or  velocity  distribution  of  the  electrons  cannot 
be  neglected.  The  velocity  dispersion  is  accounted  for  by  the  introduction 
of  an  electron  temperature  gradient  term  in  the  momentum  balance  equation 
(op  cit  eq.  (8)).  Though  they  argue  that  this  leads  to  the  occurrence  of  a 
potential  minimum  somewhere  beyond  the  "cathode" — rather  than  at  the  cathode — 
similar  to  Langmuir's  treatment  of  vacuum  diodes,  we  have  great  reservations 
about  their  treatment,  as  we  discuss  in  section  5.  Undoubtedly,  however, 

the  inclusion  of  the  velocity  dispersion  is  essential,  if  not  for  the  d.c. 
characteristic,  yet  certainly  for  the  velocity-fluctuation  noise. 

In  this  paper  we  will  describe  both  low-frequency  and  high-frequency 
noise  measurements  on  near-ballistic  devices.  These  measurements  are  pre¬ 
liminary,  in  that  a  full-scale  investigation,  involving  a  variation  of  dimen¬ 
sions,  temperature,  and  magnetic  field,  is  still  underway.  However,  definite 

“4*  "4*  + 

results  at  room  temperature  for  n  nn  and  n  pn  devices  of  0.4pm  and  0.45pm, 
respectively,  will  be  reported.  Such  measurements  serve  a  threefold  purpose. 
First,  from  a  practical  point  of  view,  noise  data  reveal  the  practical  per¬ 
formance  limitations  of  the  novel  high-speed  devices.  As  we  will  indicate — 
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the  noise  of  the  n  nn  devices  is  extremely  low;  the  n  pn  devices,  however, 
fare  much  worse.  Secondly,  noise  measurements  at  audio  and  subaudio  fre¬ 
quencies  shed  much  light  on  the  1/f  noise  problem.  According  to  most  recent 
theories,  such  noise  is  thought  to  be  caused  by  mobility  fluctuations 
(see,  e.g.,  Hooge  et  al.  J  and  van  der  Ziel  .  If  collisions  in  the  near- 
ballistic  regime  are  rare,  one  expects  the  1/f  noise  to  be  very  low  and 
ultimately,  in  "pure"  ballistic  devices,  to  be  absent.  Our  preliminary  work 
in  n+nn+  devices  indicates  that  this  could  be  correct.  Third,  and  not  least, 
we  believe  that  the  high-frequency  noise  (thermal,  velocity-fluctuation,  or 
diffusion  noise)  will  shed  much  light  on  the  mode  of  operation  of  near-ballistic 
devices.  To  date,  no  full-fledged  theory  for  such  noise  exists;  we  only  have 
some  preliminary  computations  by  van  der  Ziel  and  Bosman^'*^.  however,  once 
this  noise  is  understood,  we  will  have  a  powerful  means  of  substantiating  or 
amending  the  various  theories  mentioned  in  this  introduction.  We  come  back  to 
this  in  the  discussion  of  the  results,  section  f. 


c .  Experimental 

The  near-ballistic  diode  (NBD)  is  a  sandwiched  mesa  structure  of  five 

lightly  doped  p  or  n  layers,  alternating  with  heavily  doped  n+  layers,  see 

18  —  3 

Fig.  17.  The  doping  densities  of  the  various  regions  are  10  cm  for  the 

+  15  -3 

n  regions,  approximately  2  x  10  cm  for  the  n  regions  and  approximately 

14  -3 

6  x  10  cm  for  the  p  regions.  The  diameter  of  the  mesas  is  100pm.  The 
devices  were  manufactured  by  molecular  beam  epitaxy  at  the  Cornell  University 
Submicron  Research  Facility.  The  mesas  were  provided  with  very  low  ohmic 
Au-Ge  contacts.  A  low-frequency  equivalent  circuit  of  the  n+nn+  device  is 
given  in  Fig.  L8.  The  main  element  (n  regions)  has  a  resistance  of  order 
0.75  ft.  For  the  n+pn+  devices  the  p  layers  gave  a  resistance  of  order  90  £2 


at  1mA;  the  parasitic  resistances  in  this  case  were  negligible. 
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The  characteristics  of  the  two  types  of  devices  are  quite  different. 

The  noise  measurement  of  the  n  NBD's,  in  particular,  was  a  challenge.  To  do 
this  we  used  the  setup  shown  in  Fig.  19.  A  Hewlett  Packard  3582  spectrum 
analyzer,  featuring  a  dual  channel  fast  Fourier  transform  method,  was  employed. 
By  measuring  the  coherence  (square  of  the  correlation)  between  the  two  chan¬ 
nels,  noise  levels  significantly  below  the  noise  level  of  the  preamplifier 
could  be  detected.  For  the  preamplifiers  we  used  five  common  emitter  transis¬ 
tors  GE82  in  parallel.  This  resulted  in  a  7  ft  noise  resistance  for  fre¬ 
quencies  above  20  hz.  The  equivalent  noise  resistance  of  the  cross-correlation 
setup  is  not  known  at  this  moment,  but  is  believed  to  be  a  few  tenths  of  an 
ohm,  thus  enabling  us  to  measure  the  thermal  noise  of  the  0.75G  devices. 

The  d.c.  I-V  characteristic  of  an  n-type  device  is  shown  in  Fig.  20  In 
contrast  to  the  device  reported  in  Ref.  1,  there  is  no  clear  yR  region;  how¬ 
ever,  the  slope  seems  to  be  less  than  one  for  very  low  currents.  As  in  Ref.  1, 
3/2 

the  V  region  is  never  reached  for  reasons  indicated  in  the  introduction. 

In  the  range  of  interest  for  the  noise  measurements,  the  characteristic  was 

essentially  linear  with  R  =  0.75H.  This  is  also  confirmed  bv  the  a.c. 

x 

resistance  measurements  in  Fig.  21. 

The  d.c.  I-V  characteristic  of  a  p-type  device  is  shown  in  Fig.  22. 

The  device  is  linear  up  to  a  current  level  of  1  mA,  corresponding  to  about 
Rx  =  90  72  .  The  slope  then  increases  to  a  value  of  about  3  in  the  10  to 
100mA  range.  Finally,  at  very  high  currents  the  slope  becomes  less,  perhaps 
approaching  three-halves  and  the  slope  falls  off.  The  a.c.  resistances  are 
again  flat  for  all  measured  frequencies  (up  to  25  khz) . 

4"  4* 

d .  Noise  of  n  nn  device 

The  magnitude  of  the  noise  current  spectrum  for  four  different  currents, 
in  the  frequency  range  lhz-25khz,  is  shown  in  Fig.  23.  Thermal  levels  and 
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excess  1/f  noise  are  seen.  To  determine  the  thermal  (-like)  noise  levels,  the 

1/f  components  are  subtracted.  The  results  are  shown  in  Fig.  24  The  levels 

are  averaged  over  the  frequencies  for  which  there  is  a  plateau  (1  khz  -  25  khz; 

the  75  mA  curve  may,  however,  show  some  g-r  noise  from  1  khz  -  7  khz;  the 

thermal-like  noise  occurs  for  7  khz  and  higher) .  The  ratio  of  these  averages 

to  4  kT/0.75  in  plotted  versus  bias  current  in  Fig.  25.  We  note  that  there  is 

an  indication  that  the  noise  exceeds  the  true  thermal  noise  4  kT/R  at  the 

x 

higher  bias  currents. 

The  1/f  slope  of  the  noise  for  the  higher  current  levels  is  clearly 
seen,  and  straight-line  approximations  are  made  to  the  data.  The  values  so 
obtained  at  10  hz  are  plotted  versus  bias  current  in  Fig.  26.  We  note  that 
the  expected  behavior  for  1/f  noise,  I2  is  well  satisfied. 

e .  Noise  of  n+  p  n+  device 

The  noise  current  spectrum  versus  frequency  for  several  bias  currents 

■f  —  -f 

of  an  n  p  n  device  is  shown  in  Fig.  27.  The  excess  low  frequency  noise  of 
this  device  is  orders  of  magnitude  larger  than  for  the  n-type  device. 

Another  notable  feature  is  the  frequency  dependence,  which  show's  a  slope  of 


f  to  f  '  .  Extrapolating  to  the  corner  frequency  above  which  thermal 
noise  dominates  gives  a  value  of  over  100  >fhz  for  even  the  lowest  (100  pA) 
bias  current. 

The  dependence  of  the  noise  current  at  100  hz  on  bias  current  is  dis¬ 
played  in  Fig.  28.  There  is  an  I2  dependence  up  to  about  1mA.  At  higher 
currents  the  noise  increases  less  fast. 


f .  Discussion  of  n+nr.’  results 

The  I-V  characteristic  is  not  very  pronounced  in  its  deviation  from 
strict  linearity,  yet  it  may  represent  near-ballistic  behavior^ . 


1.  [  l  noise 

In  1969  Hooge  developed  the  following  empirical  formula  for  1/f 


s.po/r1  -  yra 


(5.1) 


where  f  is  the  frequency,  N  the  total  number  of  carriers  in  the  sample  con¬ 
tributing  to  the  noise,  and  a,,  is  Hooge's  parameter.  Initially,  a  was 

-3 

thought  to  be  a  constant,  of  order  2  x  10  .  Later  on,  it  was  found  that 

material  variations  for  a  do  occur,  whereas,  in  addition,  a„  decreases  as 

h  H 

2 

(y/y„)“  if  impurity  scattering  dominates  over  lattice  scattering  (y  ) ; 

X  X, 

Bosman,  Zijlstra,  and  van  Rheenen'^  also  found  that  a„  decreases  due  to 

ri 

carrier  heating.  In  a  nonhomogeneous  sample  in  which  the  carrier  density  is 

a  function  of  position,  n(x),  such  as  occurs  in  our  mesas  due  to  spillover 

(section  1)  and  injection,  eq.  (5.1)  must  be  modified.  It  is  easily  shown 

l0) 

(van  der  Ziel  and  van  Yliet  )  that  in  that  case  (5.1)  is  to  be  replaced  by 


L 

S^i (f ) /I“  =  Ccijj/fAL^ra)  J  (ballistic  case) 


where  m  is  the  number  of  n  layers  in  series,  L  the  width  of  one  n  layer,  and 

A  the  cross  section.  Whereas  the  detailed  profile  n(x)  is  complex,  we  see 

from  Ref.  2,  Fig.  3,  that  for  most  of  the  layer  n(x)  2  0.7  n  .where  n  is  the 

o’  o 

doping  density.  With  this  estimate  we  obtain  for  o  from  Fig.  26. 

rl 

_g 

a  =  2.2  x  10  .  If,  on  the  other  hand,  the  diode  is  not  ballistic  but 

rl 

collision  limited,  we  proved  in  Ref.  12, 


S.T(f)/I2  =  a„(9yR  )/L  2  f  (collision  limited) 

ui  H  x  tot 


(5.3) 


where  L  =  mL  is  the  total  width  of  the  n  layers  and  R  is  the  total 
tot  x 


observed  resistance,  while  V  is  the  lattice  mobility.  Taking  for  the  latter 

^  —  8 
8,500  cm'  /V  sec,  we  obtain:  a  =  6.2  x  10 

While  the  value  of  u  for  bulk  GaAs  is  not  known  at  present,  we  may 

surmise  that  it  is  of  the  same  order  as  for  other  semiconductors  in  which 

lattice  scattering  dominates,  say  10  \  Thus,  whatever  model  is  used,  the 

above  values  for  are  extremely  low,  thus  confirming  that  collisions  are 

mainly  absent  in  this  device.  Moreover,  if  Handel's  theory  of  1/f  noise  is 
13) 

valid  ,  very  low  noise  can  be  expected  from  those  collisions  which  still 
occur,  involving  polar  phonon  emission.  As  wc  noticed,  the  deflection  angle 
6  for  such  processes  is  very  small,  whereas  in  Handel's  theory  of  quantum  1/f 
noise,  the  magnitude  goes  as  sin-  —  9.  Measurements  on  0.24  p  devices  are 
in  the  planning  stage.  It  is  hoped  that  for  these  devices  i  shows  a  con¬ 
tinued  decrease.  So  far,  the  results  arc  the  best  confirmation  yet  that  1/f 
noise  is  caused  by  lattice  phonon  collisions. 

2 •  Thermal  noise 

The  designation  "thermal  noise"  is  used  here  for  the  thermal-like 
noise  observed  at  high  frequencies.  In  a  collision-limited  device  this  noise 
is  due  to  the  diffusion-noise  source,  which  by  Einstein's  relation  transforms 
to  a  thermal-noise  source  for  cold  electrons.  In  the  space-charge  limited 
injection  operation  (Mott  Gurney  law),  the  noise  becomes  then  8kT/R  , 
see  in  a  "pure"  ballistic  device,  on  the  other  hand,  this  noise  is 

due  to  shot  noise.  However,  the  vacuum  case  shows  that  the  noise  is  dis¬ 
tinctly  governed  by  the  velocity  distribution  of  the  omitted  particles. 

Thus,  a  treatment  as  the  Child's  law  analog  of  Ref.  2  will  not  suffice  to 
obtain  the  noise;  the  latter  must  be  patterned  after  Langmuir's  derivation 
of  the  d.c.  characteristic;  see  in  particular  the  noise  treatment  by 

D.O.  North'^  and  Schottky  and  Spenke^^.  Lacking  a  detailed  theory, 

9) 

van  der  Zicl  and  Bosnian  indicated,  nevertheless,  that  subthermal  noise. 
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t)4kT/R_  with  <-’<1,  can  be  expected.  This  is  not  corroborated  by  the  results 
of  Fig.  25.  While  it  is  very  unlikely  that  the  collision-limited  case  applies — 
in  view  of  the  low  1/f  noise  reported  above — it  is  likely  that  carrier  drag 
effects,  such  as  considered  in  Refs.  3,  4,  and  6,  take  place.  These  effects 
should  be  considered,  by  considering  a  Langevin  equation  patterned  after  the 

3)4) 

nor.entum  and  energy  balance  equations  of  Shur  and  Eastman  ,  but  with  velocity 
dispersion  at  x  =  0.  The  approach  of  Cook  and  Frey,  on  the  other  hand,  which 
includes  collective  velocity  dispersion  effects  in  the  momentum  balance 
equation  of  a  single  electron,  seems  highly  inappropriate;  noise  theory  in 
vacuum  tubes  tells  us  that,  in  the  space-charge  suppressed  ballistic  case, 
the  carriers  in  different  velocity  groups  fluctuate  independently.  For  the 
near-ballistic  regime  with  corner  drag  effects,  the  same  independence  can  be 
expected.  Thus,  as  stated  in  the  introduction,  the  development  of  a  complete 
noise  theory  for  near-ballistic  devices  may  aid  considerably  in  discriminat¬ 
ing  between  the  various  existing  approaches  employed  for  the  d.c.  behavior. 

•  _  "f-  + 

g.  Discussion  of  n  pa 

These  devices  showed  large  excess  noise.  The  noise  is  not  very  close 

to  1/f.  If,  nevertheless,  we  apply  Hooge's  formula,  at  10  hz  and  100  pA,  we 
-3 

obtain  cc^  ^  3  x  10 

For  V  >  200  mV,  the  I-V  characteristic  of  Fig.  22  is  in  reasonable 
agreement  with  the  theoretical  predictions  and  previously  reported  result‘d. 

The  current  below  the  punch-through  voltage  (—150  mV)  is  not  well  under¬ 
stood. 

It  is  significant  to  note,  however,  that  the  character  of  the  noise, 
in  particular  its  spectral  shape,  does  not  change  when  we  pass  the  punch- 

through  voltage,  see  Fig.  27;  only,  above  the  punch-through  voltage,  the 

2 

noise  magnitude  starts  to  decline,  going  no  longer  as  I  ,  see  Fig.  12.  This 
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can  be  explained  if  the  current  above  punch-through  is  composed  of  two  parts, 

I  (punch- through)  and  I  (normal).  Extrapolating  the  data  below  150  mV  to  higher 
voltages  (see  dashed  line  in  Fig.  22),  wc  can  replot  the  noise  versus  I  (punch- 
through)  rather  than  versus  the  total  current.  Thus,  if  the  abscissa  in 
Fig.  28  is  interpreted  as  I  (punch-through)  only,  all  points  (see  the  *)  fall 
now  on  the  line  for  I2  (punch-through) . 

Altogether,  it  seems  to  us  highly  doubtful  that  the  low-frequency 
noise  is  mobility-fluctuation  1/f  noise  of  the  Hooge  type.  Rather,  it  seems 


that  the  spectra  represent  a  one-dimensional  diffusion  process  (for  low  fre¬ 
quencies  such  a  process  goes  as  f  if  the  diffusion  is  due  to  ambipolar 

hole-electron  motion  in  the  floating  base  of  the  n+pn+  device,  the  effect 


should  be  determined  by  j  in  this  case,  since  the  electrons  are 

n  9 

near-ballistic.  The  turnover  frequency  ~  D^/2^L~  lies  at  10  hz.  It  is 
thus  reasonable  that  for  audio  frequencies,  with  the  effect  rising  as  u 


or  steeper,  there  is  a  large  low-frequency  tail.  Whatever  the  cause  of  the 
effect,  it  seems  to  be  associated  with  the  presence  of  current  (diffusion 


current?)  below  punch- through.  We  finally  remark  that  similar-type  spectra, 

-f*  ^ 

going  slower  than  1/f,  were  observed  in  6  yrn  p  np  punch-through  diodes  by 

,  _  18) 
van  de  Roer 


h .  Conclusions 

Near-ballistic  n  nn  devices  exhibit  extremely  low  1/f  noise,  with  a 

_8 

Hooge  parameter  of  2  x  10  .  This  indicates  that  the  1/f  noise  is  probably 

caused  by  lattice  scattering  (possibly  due  to  polar  optical  phonon  emission), 
which  is  rare  in  the  near-ballistic  regime.  The  thermal  noise  of  these 
devices  is  slightly  higher  than  Nyquist  noise  for  the  highest  current 
levels  observed.  It  indicates  a  near-ballistic  origin,  affected  by 
carrier  drag  effects  and  by  the  velocity  dispersion  of  the  injected 


carriers. 
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Near-ballistic  n  pn  devices  exhibit  very  large  low-frequency  excess 
noise,  probably  of  a  diffusion  origin.  The  noise  seems  to  be  associated  with 
the  current  denoted  as  I  (punch-through) ,  which  is  present  below  the  punch- 
through  voltage.  The  noise  rises  as  I2  (punch-through),  the  latter  being  also 
extrapolated  from  Fig.  27  above  the  punch- through  voltage.  Thermal  noise  for 
these  devices,  requiring  measurements  above  100  Mhz,  have  not  yet  been  carried 
out . 

Similar  measurements  on  n+nn+  diodes  are  being  reported  by  Peczalski, 
19) 

van  der  Ziel,  and  Hollis 
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C.  THEORY  DEVELOPED  UNDER  THE  GRANT 

I.  Proposed  Discrimination  between  1/f  Noise  Sources  in  Transistors 
(A.  van  der  Ziel) 

a .  Summary 

There  ere  four  possible  1/f  noise'  sources  in  transistors  ; 
the  two  most  important  ones  are  recombination  1/f  noise  .in  the 
emitter  space  charge  region  and  mobility  fluctuation  1/f  noise 
in  the  collector  current.  Jt  is  shown  that  an  extension  of 
the  Pi  nmb-Chenc t.tc  procedure  can  discriminate  between  those 
possibilities. 

b .  1/f  noise  sources  in  transistors 

There  are  four  possible  1/f  noise  sources  in  p-n-p 
transistors : 

1)  1/f  noise  in  the  recombination  current  Jj  of  the  emitter 

space-charge  legion,  either  at  the  surface  or  at 

dislocations.  The  first  is  usually  attributed  to 

fluctuations  in  the  surface  recombination  velocity, 

as  first ’introduced  by  Fongcr"*  and  verified  by  llsu 
2 

et  al.  .  For  an  alternate  but  less  likely  interpretation 

.  .3 

see  Klempenning  . 

2)  Mobility  fluctuation  1/f  noise  in  the  hole  current  I 
flowing  from  the  emitter  to  the  collector. 

3)  Mobility  fluctuation  1/f  noise  in  the  electron  current  1^ 
flowing  from  the  base  into  the  emitter. 

4)  Resistance  fluctuation  1/f  noise  in  the  base  resistance 

v  of  the  transistor.  Because  the  base  current  1_  is 
b  B 

relatively  small  in  a  good  transistor,  this  is  probably 
a  very  small  effect. 
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The  mobility  fluctuation  1/f  noise  was  r  ec:  t  1  y 
introduced  by  Kleinpcnni ng^  in  his  discussion  of  1/f  noise 
in  p+-n  diodes.  We  shall  see  that  source  (3)  is  small  in 
comparison  with  source  (2),  so  that  tire  most  significant 
noise  sources  are  (1)  and  (2) . 

There  is  considerable  evidence,  mostly  assembled  by 
Ilooge  and  his  coworkers,  that  1/f  noise  in  semiconductor s  and 
semiconductor  devices  can  come  from  mobility  fluctuations^. 
Because  of  the  Einstein  relation,  fluctuations  in  the  mobility 
ij  imply  fluctuations  in  the  diffusion  constant  D  .  I'oi  since 

<3 ftp  =  kT'Hp  we  haVe  =  kT<5;jp  (1) 

and  we  can  write  with  Klei npenning^ 


SD  (x,x’,f) 
P 


s  (x,x',f) 
p 


CL 

fP(x’) 


6  (x' 


x) 


where  a  is  the  Ilooge  parameter,  f  the  frequency,  P(x')  the 
hole  concentration  for  unit  length  at  x'  in  the  base  and 
<5(x'-x)  the  Dirac  delta  function. 

Kleinpenning  has  calculated  tire  hole  current  noise 
spectrum  in  a  short  p+-n  diode  due  to  mobility  fluctuations. 
Since  the  base  region  of  a  p  -n~p  transistor  corresponds  to 
a  short  p+-n  diode  with  an  infinite  recombination  velocity 
at  the  contact  to  the  n-region,  his  equation  (59)  can  be 
applied  directly.  Assuming  negligible  recombination  in  the 


(2) 


base  and  relatively  small  injection,  we  thus  obtain  for  the 


spectrum  of  the  emitter-collector  current  1 


v  •  =£*  Hm)  * 


p  All 


2 

where  x^  =  w  /2Dp  is  the  diffusion  time  for  holes  through  the 
base  region,  w  the  base  width  and  P(o)  and  P(w)  are  the  hole 
concentrations  for  unit  length  at  the  emitter  side  and  the 
collector  side  of  the  base,  respectively. 

In  the  same  way  we  have  for  the  1/f  noise  of  the  election 
cun ent  fpn  injected  from  the  base  into  the  emitter 


S!En(£)  =  2qIEn  4?!^  ln(sOT 


where  xdn  =  w^/2Dn,  wE  the  width  of  the  emitter  region,  r>n  the 
electron  diffusion  constant  in  the  emitter  region,  whereas 
N(o)  and  N(w£)  are  the  electron  concentrations  for  unit  length 
at  the  base  side  of  the  emitter  and  at  the  emitter  contact, 
respectively . 

Since  I  is  about  two  orders  of  magnitude  smaller  than 

Ig  in  a  good  p+-n-p  transistor,  whereas  x^n  and  x^  arc  of 

the  same  order  of  magnitude,  ST  (f)  will  be  about  two  orders 

XEn 

of  magnitude  smaller  than  ST  (f)  ,  so  that  process  (3)  is 

1EP 

most  likely  insignificant. 

Since  the  cut-off  frequency  f  of  the  transistor  is  given  by 


f  —  I2’it  ) 
rT  '  ‘dp; 


ST  (f)  is  proportional  to  f  ,  so  that  it  is  largest  for 
Ep 

microwave  transistors. 
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The  extension  to  n+-p-n  transistors  is  accomn ]  i shed  by 

interchanging  n  with  p  and  N  with  P,  respectively. 

It  will  now  be  shown  how  one  can  discrimina te  between  the 

noise  sources  of  a  p+-n-p  transistor.  To  that  end  we  look 

at  the  current  flow  in  tire  transistor;  Fig.  29a  shows  the 

currents  I  ,  IT,  and  1^.  The  corresponding  equivalent  circuit 
Ep  En  R  1  J 

for  the  noise  current  generators  6lj,n  and  61^,  is  pictured 

in  Fig. 29b.  Wo  note  that  61  is  connected  between  emitter  and 

Ep 

collector  and  61  and  61  arc  connected  between  cir.it ter  and 
base.  There,  are  thus  two  current  generators  and  i();  i  j- . 

is  connected  between  base  and  emitter  and  i  ^ 2  between  collector 
and  emitter.  As  seen  by  inspection 


1fl  “  5IR  "  6TEn  ;  1f 2  :=  6TEp 


(6) 


Due  to  this  topology  and  with  the  help  of  the  Plnmb-Chenettc 
approach  we  can  now  discriminate  between  i^  and  ifo.  In 
Fig.  30  the  emitter  resistance  Rg  is  chosen  so  large  that  the 
emitter  can  be  considered  as  being  fed  from  a  constant 
current  source.  An  external  resistance  is  connected 
between  base  and  ground  and  the  collector  is  a.c.  connected 
to  ground. 

According  to  Fig.  2  we  have  for  the  noise  voltage  v  between 

emitter  and  ground,  since  i  =  i,.  +  i,_  , 

G  r  .L  T  z 

.  v  =  (ifl  +  if2)rco  -  Ve(Rb  +  rb)  H  if2(Rb  +  V 


=  iflIreo  "  °o(Rb  +  rb)J  +  if2[rco 


"  +  r.J  )  . 


+  (1 


(7) 


P‘ 
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We  now  determine  v  as  a  function  of  R,  .  Since  the  first 

L) 


term  in  the  second  half  of  (7)  is  zero  when 


~  (r,  +  R.  )  =  0  ,  or  R,  -  r  /u  -  r,  , 


(8; 


2 


t  r  i  i  t  ur  it  x  *  r 

co  o  b  b  b  eo  o  b 

the  noise  source  i^  gives  rise  to  a  sharp  minimum  in  v versus 

be 


R^ ;  from  the  parabola  thus  obtained  the  value  of  i ^ ^  can 
determined.  The  existence  of  this  parabola  is  an  indication 
that  the  current  generator  i^  is  present. 

Tire  second  term  in  the  second  half  of  (7)  depends  very 
slowly  upon  because  (1  -  a  )  is  a  small  number.  Hy  measuring 
the  spectrum  in  the  minimum  of  the  versus  R  curve,  one  can 
determine  i^0“.  The  reason  is  that  the  1/f  part  of  tire  spectrum 

comes  from  if2'  whereas  the,  frequency-independent  part  must 
be  attributed  to  thermal  noise  and  shot  noise.  This  situation 
is  pictured  in  Fig.  31. 

If  the  effect  of  is  extremely  small,  it  may  be 

assumed  that  5 I^n  is  also  negligible;  the  noise  is  then 


completely  attributable  to  noise  source  (1).  If  the  i 
effect  is  appreciable,  one  can  estimate  the  effect  of 


f  2 


61  “  and  so  determine  the  relative  significance  of  the 

en  J 

noise  terms  (1)  -  (3).  We  can  then  also  determine  llooge's 


.  2 


parameter  from  i^  • 

We  thus  see  that  the  discrimination  between  1/f  noise 
sources  in  transistors  is  possible  by. an  extension  of  the 
Plumb-Chenette  procedure.  Experiments  are  on  the  way  at  the 
University  of  Florida  to  carry  out  this  discrimination; 
we  hope  to  report  on  these  experiments  at  a  later  date. 
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Appendix . 

Since  Klei  npenning 1  s  derivation  of  ]'.q.  (3)  is  not  easily 

followed,  we  derive  it  here  with  the  help  of  the:  K1  aasscn-Pri  ns 
method^.  If  P(x)  is  the  hole  concentration  for  unit,  length 
at  x,  we  have  for  small  injection 


tep-=  -^Vp/dx 


( A  .  1  ) 


If  we  have  fluctuations  6D^(x,t)  in  D^ ,  they  will  drive 

fluctuations  6P(x,t)  in  P,  so  that  61  (t)  depends  on  time 

up 

only,  at  least  if  the  junctions  are  a.c.  short-circuited.  lienee 


6IEp(t)  =  -qDp  at(6P(x,t)]  -  q  §£  SDp<x,t> 

=  -qD^  -^7  [  6P  (x ,  t)  ]  +  H  ( x  ,  t ) 

p 

where 

Hlx.tl  -  -  q  ||  «DpU,t)  -  IEp«V*,t)/Dp 

and 

SH(x,x',f)  =  IEp  SD  (x,x  '  ,f  )/Dp  •=.  IEp2[f,/fP(x’)]  Mx' 


(A. 2) 


(A. 2a) 


(A.  3) 


Since  P (o)  and  P(w)  do  not  fluctuate  if  the  junctions  arc  a.c. 
short-circuited,  6P(o)  and  6P(w)  are  zero.  Multiplying  both 
sides  of  (A. 3)  by  dx,  integrating  over  the  base  length  w,  and 
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bearing  in  mind  the  boundary  conditions;  for  6P(o)  and  £P(w)  ,  violas 


w 


61. 


.  (t)  =  i 
.p  w 


11  (>: ,  t)  dx 


(A.  4) 


Making  a  Fourier  analysis  yields 


S  (f) 
12P 


w 

Su(x,x',f  dxdx ' 
o 


T 

■  I’P 


2 

w 


£ 


w 


bp 


P  (  X  ) 


-  -  dx 


( A .  5 ) 


Substituting  for  I  from  (A.l)  yields  Eq .  (.1). 

The  value  P(o)/P(w)  is  easily  c.*s tinia tod  from  the  device 
dimensions  and  parameters.  According  to  Klei npenni ng  (private 
correspondence ) 

IEp  =  cjDpP  (o)  /w  and  I  <  qP(v;)vg  (A.  6) 

where  vg  is  the  saturation  velocity  of  the  carriers.  Hence 

P(o)/P(w)  <  wv  /D  (A.  7) 

s  p 
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II.  On  Mobility  Fluctuations  in  1/f  Noise  (C.M.  van  Yliet  and  R.J..I.  Ziilstra, 
Phvsicri  Laboratory,  Statu  I'nivursity  Itrecht,  Ihe  Netherlands) 

a.  Abstract 

If  1/f  noise,  as  expressed  by  Hoove’s  formula,  is  attributed  to 
mobility-fluctuations  noise,  then  the  latter  can  be  represented  by  a  source 
S  / u  -  =  u„/f;  there  is  no  factor  N  in  the  denominator  and  there  is  no 

uji  O  H 

cross-correlation  source,  as  claimed  in  the  literature. 

b .  Introduction 

The  current  opinion  is  that  flicker  or  1/f  noise  in  metal  films  on 
semiconductors  and  devices  is  to  be  interpreted  as  a  bulk  effect;  for  a 
homogeneous  sample  with  N  current  carriers  subject  to  a  mean  current 
IqJ  the  current-fluctuation  noise  is  expressed  by  Hooge's  formula'^ 


where  a„  is  Hooge's  parameter,  which  supposedly  can  depend  on  the  electrical 
H 

2) 

field  Eq  (often  but  not  always  of  order  2  *  1 0  3 )  and  f  is  the  frequency. 

2) 

Zijlstra  has  shown  that  in  nonhomogeneous  samples  or  devices  (1)  is  to 
be  replaced  by  the  noise  of  a  current  density  source  Jl(^,t),  such  that 


AJ  =  (AJ) 


■v  phen. 


+  H(r , t)  +  n(r,t) 


where  (AJ)  ,  is  the  current  density  fluctuation  of  the  phenomenological 
a-  phen.  ft, 

laws,  n(r,t)  is  the  diffusion  source  (of  no  interest  to  us  here),  H(r,t) 

f\,  ^  %  'V 

is  the  1/f  noise  source  with  the  cross  correlation  spectrum  for  H(^, t)H(r ' , t) 
being  given  by  the  tensor  spectrum 


VW-£>  ■ 


where  ^(r)  is  the  steady  state  current  density  and  ng(r)  the  steady  state 
local  carrier  density  (here  assumed  to  be  electrons).  For  a  homogeneous 
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sample  inii-.-r.it  ion  of  (3)  over  the  sample  leads 
curvilinear  uni 


to  ( I ) .  If  ](r)  is  a 


t  vector  in  the  direction  of  Jn(r)  and  1  !  the  unit 

'*•'  1  V.  '\/  % 


tensor,  we  also  write 


^0  ~  ^0  -l’ 


v.0' 

S 


J  1 ,  so  Lhat 
^  % 


V^S’’0  =  aii!  )o(^)]?  6(£  "  Z,)/{noty 


(4) 


It  is  now  customary  to  write  in  terms  of  conductivity-fluctuation  noise 

S  .  Since  J  =  oE,  we  have  for  the  source  in  o  (o  is  assumed  to  be  a  scalar) 
o  a,  'v 

noticing  that  represents  a  Norton  source  (E  =  E^  is  kept  constant) 


Aa/o0  =  AJ/J  ;  hence 
gives  as  spectrum 


AJ  =  (A0)Phen.  +  Co*  With  V°0  =  H/J0;  this 


(r’r’’£)  =  aHt°0(v)l2  6(£  "  ^’)/fn0(^) 


(5) 


When  now  the  conductivity-fluctuation  noise  is  attributed  to  mobility 

3 ) 

fluctuation  noise,  it  is  further  argued  that  (see  Kleinpenning  ,  van  der 
4) 

Ziel  ),  since  o  =  eyn,  one  has  for  fixed  n  =  n„:  Ay  =  (Ay)  ,  +  r  , 

0  phen.  y 

with  ^y/uo  =  ^o^°0’  t£l£s  gives  a  spectrum 


S  ( r , r ’ , f )  =  aH[pQ(r)]2  6(r  -  r’)/fnQ(r) 
y 


(6) 


However,  even  though  n(0  does  not  contribute  to  1/f  noise,  this  density 
remains  a  statistical  quantity.  Therefore,  ^  /Uq  f1  r^/Og,  so  that  (6)  is 
incorrect. 

c.  Drift-velocity  noise 


A  different  view  as  to  the  connection  with  mobility-fluctuation  noise 
was  in  principle  already  given  by  Zijlstra"^.  Let  v,  =  <v.>  be  the 
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ift  velocity  of  the  ith  electron  in  a  volume  AV ,  centered  on  r.  Then 

N(.r,t) 

=  V  A>:i(t) 

i=  1 


where  N(r,t)  =  n(r,t)  AV.  Since  we  do  not  consider  g-r  or  diffusion  noise, 
we  may  consider  n(r,t)  =  n»(r)  is  constant.  However,  to  all  likelihood 

w  U  'Xj 

the  electrons  in  A  V  are  scattered  independently.  Thus 


% 


e2N(r) 

(AV)2  (0 


where  is  the  drift-velocity  noise  of  any  electron  in  the  neighbourhood 

J,v  nr 

of  r.  The  cross  correlation  for  different  volumes  AV  centered  on  r  and  r* 

'v  n,  n, 

is  zero  since  the  velocity  fluctuations  are  uncorrelated.  Thus  replacing 
in  (8a)  l/AV  by  6(r  -  r')  we  also  have 

"V  % 

SH(£’S'’f)  =  e2n0(^)5(^  "  SAv(r)(f)  •  .  (8b) 


Comparison  with  (4)  yields 


SAv(r)  ■  ^ 


With  v  =  ijEq,  this  gives  the  mobility  fluctuation  noise 


SAp(r)  =  aH[lJ0(^)]2/f 

'Xj 


In  the  absence  of  hot  electron  effects  p  does  usually  not  depend  on 
position,  while  also  a,  is  then  independent  of  En;  then 

n  U 


SAp  =  aHU02/f 


(11) 
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Theories  for  1/f  noise  caused  by  mobility  fluctuations  should  therefore 
aim  at  explaining  the  simple  relation  (11)  rather  than  the  erroneous 

representation  (6).  We  note,  however,  that  for  device  applications  it 
suffices  to  apply  the  current  noise  source  (4);  the  origin  of  this  source 
in  terms  of  S  ,  S  ,  or  S  is  inmaterial.  Where  in  the  past  the 

S  * 

erroneous  source  spectrum  (6)  has  been  used,  revision  may  be  necessary. 
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III.  Mobllitv-Fluctuatlon  1/f  Noise  in  Nonuniform  Nonlinear 

Samples  and  in  Mesa  Structures  (A.  van  der  Ziel  and  C.M.  van  Vliet) 


In  a  uniform  sample  mobility-fluctuation  1/f  noise  is  described  by  the 
Hooge  formula  [1][2] 

SAI(f>  ‘  Vo'™  <» 

* 

where  I  is  the  d.c.  current,  f  the  frequency,  N  the  total  number  of  carriers 

in  the  sample  contributing  to  the  noise,  and  a  is  the  Hooge  parameter.  For 

n 

nonhomogeneous  samples  or  for  mesa  structures  this  result  must  be  modified. 
Van  Vliet  andZijlstra  [3]  showed  that  for  a  nonhomogeneous  sample  of  constant 
cross  section  we  should  use  the  noise  source  H(r,t)  defined  by 

11  -  <4I)pl,e„.  +  "<*■'>  .  (2) 

with 

S  (x,x',f)  =  a  (x)I  25(x- x')/fn  (x)A  (3) 

n  nO  O 


where  the  first  term  to  the  right  is  the  phenomenological  current,  n  (x)  is  the 

o 

carrier  density  at  x,  and  A  is  the  cross-sectional  area.  As  a  consequence,  one 
finds  for  a  nonuniform  and  possibly  nonlinear  sample,  of  length  L,  instead  of  (1) 

T  2  r  a  (x)dx 

j  -STS'-  w 

•J  o 

o 


sai<£> 


Q 

fL2 


The  proof  is  simple.  Explicitly,  (2)  reads 


AI(t)  =  d[g(v)Av(x) ]  /  dx  +  H(x,t)  (5) 

where  g(v)  is  the  conductance  per  unit  length  at  v  =  v(x) ,  and  Av(x)  is  the 
fluctuation  of  v  at  x.  Multiplying  with  dx  and  integrating  over  the  length  of 


the  sample  yields 


Al(t)L  =  (g(v)Av(x)]Q  + 


Li 

/' 


(x,t)dx  . 


(6) 


71  - 


(qu  R)  • 


(12) 
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In  collision-limited  diodes  of  structure  n+nn+,  this  formula  is  of 

importance  since  due  to  spill-over  from  the  n+  regions  the  density  n  (x)  in 

o 

the  n-region  is  not  constant;  moreover,  nonuniformity  and  nonlinearity  can 
occur  due  to  space-charge  injection.  Often,  for  these  devices  one  utilizes 

mesa  structures,  consisting  of  m  alternating  n+  and  n  layers.  We  assume  the 

+  P 

n  regions  are  shorts  and  cause  no  noise.  Let  [S^(f)Af]  2  be  the  Norton 

generator  in  parallel  with  each  n-region;  then  for  the  total  voltage  noise  of 

the  mesa  structure  ■>- 

SAv(f)  =  mSAl(f)R2  .  (13) 


Hence,  for  the  overall  Norton  generator  of  the  device,  of  measured  resistance 
p  =  m  R,  we  have 


;AI  <f> 

overall 


(14) 


Employing  (12)  this  yields 


ct„I 


AI 


overall 


aHXo2  ,  ,  ~H‘o 

(f)  =  — —  (qyp)  =  - 


fL2m2 


(qpp) 


(15) 


fL 


total 

This  result  allows  us  to  determine  the  Hooge  parameter  from  the  measured 

noise,  I  ,  L  „  ,  and  p. 
o  total 
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IV .  A  New  Transform  Theorem  for  Stochastic  Processes,  with  Special  Appli¬ 
cation  to  Counting  Statistics  and  1/f  Noise  (C.M.  van  Vliet  &  P.H.  Handel) 

a.  Abstract 

A  new  transform  is  derived  which  links  the  Allan  variance  uniquely 

to  the  spectrum  and  vice  versa.  This  transforn  pair  handles  well,  besides 

.  .  -  u. 

the  usual  Lorentsian  spectra,  the  less  well  behaved  spectra  C(uj;  -  C tu  , 
-l^yu^3.  In  particular  the  theorem  is  useful  for  l/f  r.oise,  for  which 
the  connection  with  counting  statistics  is  described  in  detail.  Possible 
measurements  to  verify  Handel's  quantum  theory  of  l/f  noise  are  described. 

b.  Introduction 

In  emission  phenomena  the  effects  of  the  statistics  can  be  measured 
in  various  ways.  Most  directly,  one  can  determine  the  counting  statistical 
distribution  P (M^ , T )  for  the  number  of  counts  in  a  time  interval 

(t,t+T),  or  th<j  interval  distribution  between  counts  h'(T);  conversely, 
one  can  characterise  the  statistics  by  the  noise  of  the  counting  flux  as 
measured  by  the  current  in  a  detector.  The  latter  procedure  is  the  usual 
procedure  if  the  pulse  rate  is  too  high  to  be  separated  by  a  counter. 

The  measurement  of  photon  statistics  can  be  based  on  both  procedures, 
see  e.g.  Refs. 1,2.  For  electronic  emissions,  one  usually  examines  the 
electrical  current  noise  in  the  anode  current.  For  radioactive  decay, 
on  the  other  hand,  counting  techniques  are  most  prevalent. 

The  connections  between  counting  statistics  3nd  particle  current 
noise  were  pointed  out  in  Ref . 1  (especially  Section  8).  The  main  link 
is  provided  by  MacDonald's  theorem,  h’e  define  the  following  useful 
quantities : 


m(t):  instantaneous  number  of  particles  detected  per  second; 
nij.(t):  time  average  of  m(t)in  an  interval  (t,t+T), 

1  t+T 

uvU)  =  yS  m(t')dt'  , 
t 


(l.D 
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total  number  of  particles  detected  in  (t»t  +  T). 

t+T 

Mj(t)  =  I  m(t ' )  dt '  =  Tntj-Ct); 

q(t):  number  of  arrivals  in  (-*,t) 
t 

q(t)  =  /  m(t ' )dt ' . 

“Co 

We  also  define  the  variances: 

t+T  t+T 

^  =  <4<>=  7,  t 


(1.2) 


(1.3) 


,  ,  t+T  t+T 

<AraJ>=  — ’  /  /  <Am(t')Am(t")>dfdt" 


M„ 


2  2 
T 

m_ 


(1.4) 


(1.5) 


?  .2  -2 
Notice  that  a *  is  dimensionless,  while  o  has  the  dimension  T 
M—  nvr 

For  a  Poisson  process,  thus,  if  the  process  is 

2  2 

stationary,  i.e.,  'm>  =  mn  is  constant,  cr  goes  as  T  while  goes  as 

T  T 

T-1.  MacDonald's  theorem  gives  the  following  transform,  linking  the 
second  order  moments  of  the  counting  distribution  with  the  noise  spectral 


density,  Sm(w) ,  of  the  flux  fluctuations,  Am(t) 


2)1). 


3T<AMT>  =  ft  Sm(a:)a>-1sincTda) 
with  inversion 

oo  d  2  v 

S(w)  =  2 w/q  dTsincoT 

The  theorem  is  useful  for  Poissonnian- statistics .  Then 
<«'t>  ■  <MT>  ■  moT 

and 

S(co) 

in  other  words  we  have  full  shot  noise.  Conversely,  if  there  is  other 
noise,  like  1/f  noise  or  "Schottky  flicker  noise"  (which  has  a  Lorentcian 
spectrum,  see  Ref. 5),  the  statistics  cannot  be  Poissonian. 


2umc/o  ^^incoT  =  2n,o' 


(1.6) 


(1.7) 


(1.8) 


(1-9) 
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Unfortunately,  for  1/f  noise  cq.  (1.6)  is  not  applicable,  since  the 

integral  diverges.  However,  a  useful  concept  in  this  case  is  the  "two 

sample  variance"  or  "Allan  variance".  Let  be  the  average  counting 

,(2) 


rate  in  (t,t+T)  and  laj.*'-'  the  counting.  rate„  (t+1 ,  t+2T)  ,.  see  eq.(l.l).  Tlien  we 
define  the  Allan  variance  by 

\  =  Ci.io) 

and 

A2  _  l_/fM(l)  „(2)  2  _  '  2  A2 

\  ~  2V  T  "‘‘‘I  }  >  -  T  V  ‘ 


(1.11) 


The  variance  (which  means  (o^)^)  turns  out  to  be  finite  for  1/f 

~>  6") 

noise,  in  contrast  to  a",  as  was  shown  by  Allan  }  .  This 

variance  is  also  useful  for  other  noise  spectra.  In  section  2  we  derive 

A2 

a  general  transform  theorem  linking  a  and  S(w).  In  section  4  we  present 
the  inversion  of  this  theorem.  We  thus  have  a  new  transform  pair,  which 
in  many  cases  is  more  useful  than  MacDonald's  theorem  or  the  V.'iener- 
Khintchine  theorem.  In  section  3  we  discuss  the  consequences  for  counting 
statistics.  In  section  5  Ke  add  a  small  refinement. 


c.  The  Allan  variance  transform 
The  theorem  reads 


A2.  .  _  4  .»  dca  „  ,  .  .  4  cdT 

"  t/o  2  Sm  w  51  9  ’ 


(2.1) 


03 


The  derivation  is  straightforward.  Let  A  (Cl  be  the  correlation  function 
•  9. 

of  q (t) .  Then  by  the  Wiener-Khintchine  theorem,  noting  that  Sq  =  » 

(2.2) 


J-  '  s  (“) 


d  *  oo  *  '  ^ 

A M  =  <q(t)q(t+0>  =  /”s  (o))cosco^fmli^/"J!12—  COSw'  zf 

h  "  C-O  03 


where  we  used  (1.3).  It  should  be  noted  that  the  limit  t  -*  0  may  not 
exist,  so  it  is  not  carried  out  at  this  moment.  From  the  definition  of 
Allan  variance,  we  have  noticing  (1.1)  and  (1.3) 
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A- 

3 

rt 


2T‘ 


<  [q(T+t)-q(t)-q(2T+t)+q(T+t)]“> 


~K  [2A  (2T)  -8A  (T)  +6A  (0)  ]  , 

4  H  H 


(2.3) 


where  we  assumed  the  process  to  be  stationary,  sc  that  <^q(t+2T)q(t+T) )  = 


(2.4) 


Aq(T),etc.  Substituting  (2.2)  we  have 

aA2  =  — — =■  lim/”  ———^r  S  (w)  [2cos2uT-8coscoT+6] . 

"V  2T2  c->0  £  2nJ  m 

The  expression  is  meaningful  if  the  limit  e  -*■  0  exists  for  the  total 

right-hand  side.  We  now  notice 

2cos2 t)T-8coswT+6  =  -2  (l-cos2aJT) +8  (l-coso5T)  =  -4sin  coT+16sin  — — 


.  2coT  2 wT  ,  ,  .  2wT  .  4o5T 

=  -16sin  -ycos  -y  +  16sin  -y  =  16sm  — 


(2.5) 


Consequently, 

A 2  4  a,  da  _  ,  .  .  4coT 

o  =  — —  S  fay  sin  — 

*V  „T2t-0  £  J  "  2 


(2.6) 


wMch  proves  (2.1).  For  1/f  noise  the  limit  exists,  since  with  S(j)=C/f, 

(2.7) 


8Cf~-~  sin4^y  =2C/”^lsin4C  =  2Clog2. 

U  O-r*.  4  U  -4> 

w  T  4 


Hence, 
A2 


(T)  =  2CT  log2. 


(2.8) 


Since  the  transforms  (2.6)  are  not  always  easily  performable,  we  also 

A2 

-give  another  form.  Let  F(s)  be  the  Laplace  transform  of  , 

‘T 

oo  .  cT  A  2 

F  (s)  =  /0dTe  q^(T); 


(2.9) 


.  4 


the  transform  of  the  kernel  sin  «T/2  is  easily  found  be  rewriting  the 
argument  in  the  l.h.s.  of  (2.5);  we  then  obtain 


F<S>  '  fV“  ■  2  .  2,  -  2  2,  S^' 

(s  +4  u>  )  (s  ♦  w  )  s 


(2.10) 
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For  spectra  which  are  even  and  analytic  this  can  be  gainfully  written 
as 

,  2 

F(s)  =  ¥?CdC0~l - S( co),  (2.11) 

(s  +4 of)  (s"  +  oT)s 


where  C  is  a  contour  consisting  of  the  real  axis  and  a  semicircle  in  the 
upper  plane, at  infinity. 

For  1/f  noise,  (2.11)  is  not  useful  since  S(u)  =  2vC/  |co|,  which  is 

not  analytic  in  the  plane.  However,  using  partial  fractions,  (2.10) 

.  .  .  -3 

is  split  into  elementary  integrals;  the  result  is  F (s)  =  4C(log2)s  , 

which  upon  inversion  yields  (2.8). 

For  white  noise,  S(w)  =  2A,  so  (2.11)  has  upper  half  plane  poles 


only  at  u  =  is  and  is/2.  V.'e  easily  find 
F  (s)  =  A/s2,  cj^(T)  =  AT. 


(2.12) 


Finally  we  consider  Lorentzian  flicker  noise,  of  the  form 

S(w)  =  4Ba/(c2  +  of)  =  4St/(1-ko2t:2),  a  =  -  .  (2.13) 

CX  J 

There  is  now  an  extra  pole  at  u  =  ia.  From  the  residue  theorem  one 


finds , 

F(s)  =  2B. 


r  4  a  2  a  6  a2 

2  2  2  ~  2  2  2  2  ">  i  ->  ’ 

[s‘(s  -4a)  sz(s  -az)  s  (s  -4a“)  (s“-a‘ ) 


(2.14) 


the  inverse  transform  yields 


V(T) 

Mr 


b  , .  -or  -2ctr 

— ~[4e  -e  +2aT-o] . 


(2.15) 


The  various  results  are  summarized  in  Table  I. 


r 

I 


Sm(u) 

PCs) 

A'7 

c.  (T) 

‘T 

Poissonian 
shot  noise 

2m0 

2Vs2 

general 
shot  noise 

2  <AmpT 

2  </.m“>T/s2 

<^Lr  >  ^oT  r 

1/f  noise 

2nC/  |  co  [ 

4C  (log2)/s3 

2CT2log2 

Lorentcian 
flicker  noise 

4B  — - — 

2  2 

2Bf  4a 

‘•yL  o  o  ? 

s“(s“-4a  ) 

6a2 

s(s2-4a2) (s2- 

2a 

2,2  2. 
s  (s  -a  ) 

—  3 
a  ) 

B r  ,  -aT  -2aT  .  _  .. 

— 2  [4e  -e  +2cT-oJ 

a 

a 

"Pathological 

l/Mx_1 

L(l-2X'2)s'/V'1 

LTX(1-2X~2) 

noise" 

Oc\<4;V2 

s  in  (rt  X/  2  ) 

sin  (nX/2) ~ (X+l) 

TABLE  I 


A  few  explanatory  words  about  the  details  are  in  order.  The  first 

column  lists  the  spectral  densities,  in  particular  the  co-dependence. 

The  last  column  gives  the  T-dependence  and  the  explicit  results  obtainable 

from  Sm(co)  via  the  Allan  transform  theorem  (2.1).  For  Poissonian 

shot  noise  (or  "full  shot  noise")  the  Allan  variance  equals  the  regular 
2 

variance  ct  ,  which  equals  the  mean;  note  that  mQ  is  a  constant  for  a 

A2 

stationary  process,  so  cr  goes  as  T.  We  also  included  the  case  of 

T 

general  shot  noise  (or  non-Poissonian  shot  noise).  In  this  case  the 
spectrum  is  given  by  Milatz'  theorem,  Sm  =  2(var  nijOT, which  is  a  variant 
of  MacDonald’s  theorem4^.  Though  the  distribution  P^.T)  is  non-Poissonian,  the 
assumption  of  white  noise  indicates  that  the  autocorrelation  function 
is  still  a  delta  function  <Am(t)  AmCt  +  tf)^  =  <  Am(t)2_)6(6)  .  The  Allan 
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variance  turns  out  to  be  equal  to  the  regular  variance,  as  is  also 
found  directly,  for 


’  “S,.  • 


12.16) 


since  the  delta  function  correlation  implies  =  \m£  = 

for  T  >  0.  The  case  of  non-Poissonian  shot  noise  occurs  e.g. 
in  photon  emission  when  the  counting  statistics  is  a  compound  Poisson 
distribution  which  reflects  the  Bose-Einstein  statistics  of  the  photons 
in  a  mode  1,S.  In  that  case  the  super  Poisson  factor  x  reflects  the 
Boson  factor 


x 


<  ‘,lT  ) 


1-B, 


(2.17) 


where  Z  is  the  number  of  modes  comprised  in  a  counting  time  T  and  solid 

angle  E  of  measurement.  V.'e  assumed  here  co  «  r  *  where  t  is  the 

coherence  tine;  for  these  frequencies  the  spectrum  is  white.  (Rigorously 
speaking,  if  we  include  ”‘L, this  is  a  special  case  of  Loreatsian  type  no 

For  1/f  noise  and  Lorentcian  flicker  noise  the  constants  C  and  B 

depend  on  the  model.  This  will  be  further  discussed  in  section  d.  In 

fact,  the  measurement  of  of)2  should  be  a  very  useful  tool  to  discern 

,Lr 

between  the  various  models,  as  we  discuss  there. 

For  the  last  entry  "pathological  noise",  we  performed  the  computations 
from  the  inverse  of  the  Allan  variance  theorem,  see  section  e. 

d .  Counting  experiments 

The  presence  of  non-white  noise  in  counting  statistics  can  now  be 
determined  from  a  measurement  of  the  Allan  variance,  as  a  function  of  T. 
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For  suppose  that  the  noise  is  composed  of  white  noise,  1/f  noise  and 
Lorentzian  flicker  noise,  i.e.. 


Sm^  =  2*a0-  +2nCTb+4B^T 

‘  1  aT+co 


(5.1) 


\2  7 

then,  a  measurement  of  R  (T)  =  C,t  /<M  yields,  noticing  again  /.'•<„>  = 


m^T  where  is  constant. 


R(T)  = 


2<^V2 


moT 


-log2  ♦  --VvI^-'^-e^^^crr-S]  . 


moT  c“ 


(3.2) 


In  all  flicxer  noise  and  1/f  noise  theories  the  extra  noise  goes  with 

2  2  - 1 

the  flux  squared.  Thus  we  write  C'  =  C/m^,  B'  =  B/m0.  For  T  »  a  , 
we  have  then 


x  2B ' 

R(T)  ~  +  2C’log2  +  w- 


(3.3) 


for  T  «  a 

R  (T) 


-1 


(very  slow  Lorentzian  flicker  noise!)  we  have 


x  2B ' 

~  ——  +  2C ' 1  oc2  +  =T. 

~  mQT  h  3 


(3.4) 


Thus,  a  slow  Lorentzian  reveals  a  term  dT.  Fast  Lorentciass  will  not 
be  easily  recognized  unless  B'  is  very  large.  The  presence  of  1/f  noise 
gives  the  so-called  flicker  floor^:  for  T  -*  ”,  there  is  a  remaining 
term  in  the  relative  Allan  variance  R(T)  -’■2C'log2  =  F.  From  this  the 
1/f  noise  strength  can  be  determined. 

The  Lorentzian  flicker  noise  occurs  if  there  are  N(t)  emission  centres 
whose  creation  and  annihilation  affects  the  emission.  In  Ref. 5  we 
established 


B’ 


<AN 

?  * 


h> 


with  nig  =  \<N>, 


X 


being  the  emission  rate  per  centre. 


(3.5) 
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For  1/f  noise  H.i.ndel  has  devised  the  model  of  quantum.  1/f  noise, 

based  cn  self  interferer.ee  of  the  wave  packets  of  the  emitted  particles, 

5)  .  73  S)  .  ,  .  .  . 

see  and  .  In  tms  tneorv  one  finds 


jf  |  XT 


so  that 
C'  = 


2  cd;; 
i  '» 


h.er.ce  the  flicker  floe: 


=  -f-~.Alo>;2.  Here  y  is  a  coherence 


n 

factor,  =  .  is  the  fine  structure  constant,  1/137,  and  A  =  2  C^v)"/3-;C“ , 
where  is  the  velocity  change  of  the  particles  in  the  emission  process. 

For  c-particles  we  expect  ^  to  be  close  to  one,  while  it  may  be 
considerable  smaller  than  one  for  2*  or  2  emission  due  to  incoherence 
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in  : 
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» 

such 

234  ,  243  239 


’  95' 


226  23"1 

86Ra  >  90Th 

in  n  f  i  ?>  A.  <;  thnt  ~ 


~Np  ~ ,  one  finds  that  ~  4x10 


Hence  the  flicker  floor  becor.es  F  =  11.2x10  .  For  a  10  r.icro  carie 

source,  the  number  of  disintegrations  per  second  is  3.7xl0"*sec  k 

Assuming  an  efficiency  t)  *x.  10  ",  which  accounts  for  solid  angle  and 

absorption  in  the  source,  we  arrive  at  1.3x10  ^  in  T=1  hr.  The 

Poissonian  term  in  (5.4)  (*  =  1)  thus  becomes  l/'f-l^,  %  O.OSxiO"6,  which 

is  well  below  the  flicker  floor.  Experiments  to  verify  the  theory  of 

quantum  1/f  noise  by  a-particle  counting  statistics  are  underway  at  the 

University  of  Florida.  It  should  be  noted  that  Handel's  theory  also  in¬ 
cludes  contributions  to  l/f  noise  from  infra  particles  other  than  rhotens; 
the  resulting  ^  A  is  the  sum  of  contributions  for  all  types  of  infra - 
quanta  participating  in  the  energy  transfer. 
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e.  Inversion  of  the  Allan  variance  theorem 

It  is  generally  believed  that  a  constant  relative  Allan  variance 
implies  the  presence  of  1/f  noise;  or,  more  generally,  one  expects  that 
a  given  Allan  variance  determines  uniquely  the  spectrum  S (o) .  This 
will  now  be  shown  by  inverting  the  theorem  (2.1),  which  composes  a 
Fredholm  integral  equation  of  the  first  kind. 

To  this  purpose  we  restate  (2.10)  in  the  form 


„  ,  .  6  dto" 

"  Tt  "  0  W 


1 


(4.1) 


(s/ca)(-ST  +  4)  (— j  *1) 
«“  to" 


where  X(ca)  =  S(co)/a  .  IVe  will  take  the  Mcllin  transform  of  this  equation, 

9) 

and  follow  a  method  discussed  by  Morse  and  Feshbach  .  The  transform 
has  to  be  taken  piecewise,  since  the  full  transform  does  not  usually 
exist  for  the  functions  P(s)  encountered  in  noise  problems.  V.'e  have  seen 
in  all  cases  (cf  Table  I)  that  for 

-CL 


s 

s 


0,  F(s)  =  0(s  ■),  q,  >  0, 
F(s)  =  C(s'Y  %  >  0. 


(4.2) 


For  the  various  noises  the  values  of  o  and  t.  are  given  in  table  II 

c  <■  ° 


noise 

°c 

inversion 

applies 

type  of 
transform 

white 

2 

2 

yes 

partial 

1/f 

3 

3 

yes 

partial 

Lorentzian 

2 

4 

yes 

full  ; 

.  i 

1/f3 

5 

5 

i 

no 

i 

i 

TABLE  II 
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Conseque: 

\  1 1  y , 

let* 

<?_  (p)  = 

„lr  ,  .  n- 1  . 

JqP  (s) s*  ds; 

exists  for 

Re 

p  >  c. ; 

(4.3) 

(P)  = 

00 

kF 

(s)s^  ks ; 

exists  for 

Re 

P  <  't.  • 

(4.4) 

Since  t  -  e,  for  most  cases,  there  is  no  region  in  the  complex  plane 
where'both  4''s  exist  together.  Only  the  Lorentzian  behaves  better;  it 
has  a  complete  Mel  1 in  transform  4  (p)  .  Other  cases  may  occur  where 

'Tc><  + 

We  now  recall  the  Mellin  transform  convolution  theorem. 


ni[/“v(s/^)s(^)d^^=  V(p)G(p),  (4.5) 

where  O’]  denotes  the  Mellin  transform;  here  capitals  refer  to  the  trans^- 

same 

formed  functions.  Noticing  that  (4.1)  is  of  the^form  as  the  expression  in 
the_  rectangular  ora c ho t 

aoii  the  l.h.s.  of  (4.5),  we  find  that  the  transformed  equation  (4.1)  is 
V(p)^(p)  with, for  the  transformed  kernel 


,  p-2 

V(P)  =  n  J0  dS  f  2  *  2 

(s  +4)  (s  +1) 


1-2 


P“-» 


sinj(p-l)n 


Re 


P  < 


(4.6) 


Thus  we  obtain 


(p)+<?+(p) 


1-2P-5 

sinj(p-l)n 


0.  (p)+£t(p)]- 
/  “  '  T 


(4.7) 


* 

Usually,  for  the  existence  one  considers  the  Lcbcsgue 
1  2  - 1 

integral  /0|F(s)|  s  ds;i[this  is  finite  for  o  >  o0  the  transform 

exists  . for  Re  p  >  a.  Likewise  for  . 

■,  + 

^  The  Mellin  transform  presents  a  dimensional  anomaly  since  s  has  the 
dimension  sec  k  Strictly  speaking  we  should  replace  co  by  73=  o.'/w>c  and 
T  by  T  =  T/T^  where  and  T^  are  an  arbitrary  normalizing  frequency  and 
tine  interval.  This  has  consequences  for  the  reverse  transform,  see  later 
examples . 


84 


In  order  that  there  is  a  region  in  which  both  V  (p)  and  &  (p)  or 

(p)  exist,  it  is  necessary  that  tc  p>  1  and  c0<  5.  The  situation 
is  depicted  in  Fig.  32. 


From  (4.7]  we  deduce 

"  A.  -  =  -4>+  (p)  +/+(P)— ^ - -  (4.8] 

sin-^- (p-  1]tt  sinj(p-  l]n 

This  equality  which  initially  is  valid  in  the  shaded  area  only  can  be 
made  to  hold  in  the  entire  plane  except  at  singularities  by  analytic 
continuation.  Besides  this,  the  integrals  over  each  of  the  members, 
going  along  a  line  Re  p =  o'  for  the  l.h.s.  and  Re  p =  t'  for  the  r.h.s., 
are  equal  due  to  the  inverted  transform  equality.  Using  a  theorem  of 
Morse  and  Feshbach  (op  cit. p.463)  we  conclude  that  each  member  equals 
a  function  R(p]  which  is  analytic  in  the  entire  area  1  <  Re  p<  5.  V.'e 
thus  obtain  by  transforming  back 


x(co)  -Ht^cp]  ^i;Xcp) 


i 

2ni 


ioo+Q-' 

I  ^  *_  (PJ 
-i»+o'  or 


cospTr/2 


1-2 


P-3 


1 

2ni 


i»>+T ' 


/ 

-i“+T' 


cospn/2 


#cS‘R">) 


coson/2 


1-2 


p-o 


(4.9] 


where  C  is  a  counterclockwise  contour  made  up  of  the  lines  Re p =  a' 
and  Re p =  t' ;  the  o'  and  t*  are  in  the  strips  as  indicated  in 
Fig.  32.  Since  R(p]  is  analytic  and  the  factor  following  R(p)  is  regular 
(at  p=3,  both  numerator  and  denominator  are  zero,  but  their  ratio  is 
finite)  the  contour  integral  is  zero;  i.e.  there  are  no  solutions  of 
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the  homogeneous  equation.  The  solution  of  the  inhomogeneous  equation 
is  thus  unique.  The  solution  (4.9)  becomes  -  reverting  to 
S  (u)  =  X  (w)  co2 ; 


s  Cm)  = 


Ai, 


ini 


/  —  COFh  PTT  in  p  fgn "  (jj  ] 

.  J  ,  p-2  .  p-5'IL^Lm  l  jj 

-  l^+cr ?  1-2  T 


ioo+'-r 1 


1  .  dp  co^pn  -r  A2  , 

2ni  -iix'  J3'2  l-2p-5°I+  X0  ' 


>  Oc  ,  T*  <  T.  (4.10) 


This  is  the  complete  inversion  theorem  corresponding  to  the  Allan 
variance  theorem  (2.1). 

For  the  case  ac <  tc  the  situation  is  depicted  in  Fig.  33.  The  full 
transform  exists  and  is  analytic  for  the  shaded  area.  We  can  now  select 
a  line  Re p =  p,  cQ<  p  <  Tj  for  the  inverse  transforms.  Thus,  adding 
the  two  terms  of  (4.10)  (i.e.  taking  a*  =  P,  t*  =p) ,  we  obtain: 


-j  i«  +  P  ,  COS-^pTT 

*  -la- 


i<»+p  *  1-2P 

if  the  Mellin  and  Laplace  transforms  are  interchangeable,  then  <4.11) 
allows  the  simple  expression 


(4.11) 


S(co)  = 


1  lr?  do  C°S2pn  dT  A2 


/ 


2ni  -i»+p  c/"2  1-2P 


U  rCp)/o  “7  / 


(4.12) 


where  p  is  in  the  uotiain  of  analyticity  of  the  expression 
T(p)/”dT  T"P  oj^(T). 

V.’e  will  show  the  application  of  (4,10)  and  (4.11)  or  (4.12)  to  two  general 
cases.  First  consider  an  Allan  variance  of  the  form  KTX,  0  <  X  <  4. 

Then  F(s)  =  Kr(X+l)s'X_1,  and 


4’  (p) 


K 


j-r(X+l),  Re  p  >  a„  =  1  +  X, 


$+(P)  =  -r^Tr(X+n,  Re  p  <  to  =  1  ■*  X 


(4.13) 

(4.14) 
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Then  <~'s  are  substituted  into  (4.10).  We  consider  first  "a<l".  In  view 
of  what  we  said  in  the  previous  footnote,  this  means  in  reality 
co  <  1  or  co  «  to  .  Since  co  can  be  chosen  arbitrarily  large,  the  <? 
solution  alone  should  cover  the  entire  spectrum!  We  now  close  the 
contours  in  Fig.l  with  large  semicircles  in  the  left-hand  plane;  on 
these  semicircles  the  integrand  goes  sufficiently  fast  to  zero.  More¬ 
over,  since  <?+ (p)  as  well  as  cos-|pn/ (1-2P  is  analytic  for 
Rep<  t,  the  contour  integral  for  this  part  vanishes.  We  are  thus  left 
with 


SM  = 


*  1  -  dp _  C0S?3rr  Kr(Xfl) 

2TTi  CI  J3-2  l-2p~5  P-^1 


(4. IS) 


We  note  that  there  is  only  one  pole,  p=X+l  (for  p=3,  the  denominator 

1-2P  5  is  zero,  but  so  is  cos^prr,  their  ratio  being  finite).  Hence, 

1 

„  COS-^pTT 

S(<«)  =  --A  iiln  - r(X+1)-  (4.16) 

co  p-»i+\  1-2P'° 


For  X^2,  the  limit  is  straightforward.  Then 

K  sinXn/2  ^  ^ 

SC“)  =  -XT!  - \I2~  r(X+l)  • 

co  1-2 


(4.17) 


For  white  noise,  K  =  m^,  X  =  1  (see  Table  I),  hence  S(w)  =  2m^,  as 
expected.  For  1/f  noise  K  =  2Clog2  and  X=2.  Then  from  (4.16)  by 

A 

de  l'Hopital's  rule, 


S  (co)  = 


4Clog2 


sin-rpn 
lim  - — 


log2  e 


(p-3) log2 


(4. IS) 


thus  confirming  the  point  of  departure.  We  note  that,  since  X  runs 
from  zero  to  four,  spectra  from  w*  e  up  to  oT‘3+t',  (where  e  is 
arbitrarily  small)  can  occur  for  the  present  pair  of  transforms  (2.1) 
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and  (4.10)  to  be  valid.  The  flexibility  of  this  transform  pair  is 
thus  much  larger  than  that  of  the  Wiener  Khintchinc  theorem,  which 
handles  only  spectra  from  to  E.  Notice  also  from  (4.17),  that 
if  we  know  in  advance  that  the  spectrum  is  S  (co)  =  L/coX  *,  then  the 
Allan  variance  is  (\^2) 


A2  =  LTX'Ci_2X_2)/sin(Xtr/2)r(X+l)  .  (4.19) 

T 

Finally  we  remark  that  we  can  obtain  the  same  results  from  £+.  We  then 
take  "w>l",  and  close  the  two  contours  with  semicircles  in  the  right- 
hand  half-plane.  The  contour  integral  over  the  &  -part  vanishes.  The  contour 
integral  over  <?+  (clockwise)  yields  with  (4.14)  again  the  result  (4.16). 

Next,  we  consider  Lorcntcian  noise.  From  F(s),  see  Table  II  or 
(2.14),  we  obtain 


*(P)  =lV)F(s) 


n  Ti 

smpy  cospy 


2  <  Re  p  <  4 


(4.20) 


This  is  put  into  (4.11),  which  yields 


i  c  p-2  1 

a  _i p  w  sin^ /2) 


(4.21) 


This  result  can  also  be  obtained  from  (4.12)  providing  we  still  use 

r(p)T(l-p)  =  n/sinnp.  In  order  to  evaluate  the  integral  over 

-  which  integral  is  it).  ct^(T)  -  we  notice  that  for  T  -*■  0 
Mr.  i-P  ‘Ip 

1  3  ‘  to\ 

is  of  order  T  as  is  found  by  Taylor  expansion.  We  first  compute  J 

J'l'j  a and V/1+o^‘‘  for  very  restricted  conditions  on  p  for  the  four 

A2 

individual  termsof  a  ;  on  joining  the  results  the  conditions  on  p 
are,  then  relaxed  with  til  existing  for  Re  p  <  4  and!Yl+  existing  for 
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Re  p  >  2.  There  is  now  an  overlap  on  2  <  Re  p  <  4  j  the  partial  Mellin 
transforms  can  be  added,  resulting  in  (4.21). 

In  equation  (4 .21)  there  are  poles  at 

p  =  2m,  m  =  0,±1,±2,...  (4.22) 

Consider  first  u>  <  a  .  We  then  close  with  a  semicircle  to  the  left. 

From  Fig.  33  we  notice  that  we  enclose  the  poles  p  =  -2m',  m' =-l ,0, 1 , . . . 
For  the  residues  we  have 


Res 


i_  .u  2(m'+l) 
a 


lim 

p-i— 2m' 


p+2m' 


.  1 

sin-^pTT 


2  i  .05. 2  (m'+l)  1  m' 

tt  a  '■a'  ^  } 


Thus  the  result  of  (4.21)  is  the  power  series 


(4.23) 


S(05) 


.  i  l  (|)2(m,+1)C-1)m’ 

m'=-l 


(-D‘ 


la _ 

2  2 
a  +o5 


»  (occ)  • 
(4.24) 


Likewise,  if  w  >  a  ,  we  enclose  with  a  semicircle  to  the  right.  The 
poles  to  be  included  are  now  at  p=2m",  m"  =  2,3,...,“.  One  easily 
obtains  the  asymptotic  scries 


S(“)  =  ^  2  (^)2n(-l)n 

«  n=0 


4a 


2  2 
a  +05 


(a»C)  . 


(4.25) 


f .  Nonadjacent  sampling 

The  measurement  of  the  Allan  variance  necessitates  adjacent  sampling. 
This  is  generally  not  exactly  possible  because  of  the  dead  tire  of  the 
registering  instrument.  Vie  are  thus  led  to  define  a  slight  generalisation 
of  the  Allan  variance,  which  was  already  foreseen  by  Allan  [oj 
Let  T  be  the  dead  tire  between  samples.  V.'e  then  define, 

=  r  <  *■)  -  Hr(t)]2>  •  (5.i) 
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Analogous  to  (2.3)  we  have. 


Crfr  =  ~  <  [q(2T  +  r-r  t)  -  q  (T +~  +  t)  -  q  (T +-t  )  +  q(t)j> 

=  Aq(2T  rT)  -  2Aq(T^T)  -  2Aq(T)  +  Aq(r)  +-  2Aq(0)  .  (5.2) 

V,'e  thus  find 

B2  -  ^  dO  s  (cc)  r 

~ — ~  U°3(c(2T+r)  -  2cosco  (T  f  T) 

-  2c os o T f  cos  cor  +  2J  .  (5.3) 


: "ocTot-”,'  this  yields 

.  — O  ~***-***~  J  w- * -*-“J  J  -*-w 


32  ff'’ 

r!T  "  —  |0  — £  S  (eg)  sin2J^T_  sin2  C")  , 

“  ^  2  2 


(5.4) 


which  is  a  straightforward  extension  of  (2.1).  Again,  for  any  T  ,  spectra 
of  the  fora  S(t o)cC0-:  'L<~,  -1  as  well  as  regular  spectra  (Lcrentz- 

ians,  etc.),  allow  a  transform  to  exist.  For  the  particular  case  that  1' 
Tve  have 


■p? 


l6  dc: 


a\  IT  J0  W2 


.  4  CJT  2  AlT 
^C°S  ~ 


S  (o)  sin  cos 


(5.5) 


For  l/f  noise,  the  integral  (5.4)  is  found  to  yield,  using  the  Laplace  transform 
as  in  section  2, 

<T^  =  1CT2[(2  +r)  2log  (2  +  r)  -  2(1  *  r)2log(l+r)  ♦  r2log  r]  ,  (5.6) 

where  rrT/T.  This  is  the  correction  to  be  applied  to  the  counting  sta¬ 
tistics  results  of  section  2>  .i£’Vy  0. 

Inverses  of  (5.4)  and  (5-5)  can  in  principle  also  be  found;  however, 
since  these  have  less  fundamental  meaning  than  those  of  section  4,  we  re¬ 
frain  from  these  results. 
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g .  Co  -elusions 

For  most  realistic  noise  spectra,  eqs.  (2.1)  and  (4.10)  through  (4.12) 

provide  a  new  transform  pair,  similar  to  MacDonald's  and  the  V.'iener- 

Khintchine  theorem,  but  with  wider  range  of  applicability.  The  theorem 

i  s  in  particular  useful  for  1/f  noise,  for  which  neither  the  correlation 

2 

function  nor  the  variance  ow  exists.  A  measurement  of  the  Allan 

Hr 

variance  may  aid  in  understanding  the  ubiquitous  1/f  noise  phenomenon. 
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Figure  10.  Block  diagram  of  the  counting  system. 
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Figure  14.  3(T)  vs.  N;  T  =  3  minutes. 
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Figure  17.  P-type  near-ballistic  mesa  structure. 


Figure  18.  Equivalent  circuit  of  n  n  n  structure,  showing 

parasitic  elements.  R^,  R^  are  ^eac^  resistances, 

Rg^  is  the  lateral  substrate  resistance,  while 

R„0  is  the  bulk  substrate  resistance.  R  is  the 
S2  x 

device  resistance.  Terminals  2  and  6  are  connected 
with  the  top  of  the  mesa,  terminal  7  is  connected 
with  the  top  of  the  substrate,  while  terminal  5  is 
connected  with  the  bottom  of  the  substrate. 


Figure  21.  A.C.  resistance  of  n  nn  device  versus  frequency 
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Figure  24.  Thermal  (-like)  noise  for  n  nn  device. 


Figure  25.  Plot  of  thermal  (-like)  noise  of  n  n  n  diode  versus  diode  current 
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Figure  26.  1/f  noise  of  n+nn+  diode  versus  current. 
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Figure  27.  Noise  spectra  for  n+pn+  device. 
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Figure  28.  Noise  at  100  hz  of  n+ p  n+  device  versus  current.  (The  **  points 
are  obtained  from  and  points  if  the  abscissa  denotes 
only  the  punch-through  current.) 
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Contour  integration  for  inverse  Mellin  transforms.  Shaded  area  is  domain  of 
analyticity  for  the  transformed  equation  (A. 7).  Case  x  <o  . 


